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1. Introduction

The present paper is concerned with a method of
treating equilibrium and chemical reaction by in-
troducing a set of conjugated statistical mechanical
functions defined, respectively, as the factor of multi-
plication of the Zustandsumme caused by increasing
a certain constituent of the assembly of interest or by
imposing a microscopic constraint upon the elemen-
tary state of the constituent.

Okamoto et al.[1] have previously introduced the
functionspδ andqδσ of this sort in their statistical me-
chanical treatment of the hydrogen electrode process.
Among thesepδ is related, as shown later, to the chem-
ical potentialµδ, as

µδ = −RTlogpδ

which was originally introduced by Gibbs[2] in terms
of classical grand canonical ensemble, whereaspδ

is defined here, according to Gibbs’ terminology, in
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terms of petit canonical ensemble. The function is in-
troduced in the latter way independently by Kirkwood
[3,4] and applied to the statistical mechanics of the
condensed fluid in equilibrium. The functionqδσ has,
on the other hand, no corresponding thermodynamical
quantity.

In the present paper, we are going to introduce, in
extension of the theory ofpδ andqδσ , a complete set
of four conjugated functions and give several exam-
ples of application of the equilibrium and chemical
reaction.

2. Definitions and approximations

2.1. The assembly and parameters

Our object of treatment will be a macroscopic
assembly composed of molecules of several kinds,
whose set of quantum mechanical Eigenwerts being
fixed by several independent parameters. The param-
eters may be the volume confining the total extension
of the assembly, the electrostatical or magnetic field
within which the whole assembly is situated. These
parameters which are quantities accessible to the
direct macroscopic measurements will specially be
termed external ones in distinction from internal pa-
rameters later referred to which, being inaccessible
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to direct macroscopic measurements, restrict micro-
scopic states of individual molecules. The macro-
scopic assembly will be denoted byC in general.

The assembly will be termed in statistical equi-
librium when its properties are derivable from the
appropriate petit quantum canonical ensemble. The
Zustandsumme (abbreviated Zs hereafter) appropriate
to any equilibrium state ofC is expressed by

QC =
∑
n

e−En/kT, (2.1)

where k is Boltzmann’s constant andEn the nth
Eigenwert.

The molecule in the above sense may consist in any
elementary particles or any group of elementary par-
ticles bound closely together, however, not being nec-
essarily dynamically isolated from the environment.
By molecule will thus be meant hereafter not only
gaseous molecule in its original sense, but also such
an elementary particle or a group of elementary par-
ticles in a liquid phase under the strong influence of
surrounding ones or even such one bound chemically
on the surface of a solid.

2.2. Four conjugated functions,pδ, qδσ , Θσ(δ), and
Θσ(0)

We definepδ by

pδ = QC
δ
0

QC0
, (2.2)

whereQC0 is Zs of our assemblyC0 free, in particular,
from any microscopic constraints, andQCδ0 that of
Cδ0, which is C0 augmented by a molecule or a set
of moleculesδ with fixed external parameters. The
functionqδσ is defined by

qδσ =
QCδσ(δ)
QCσ(0)

, (2.3)

whereQCδσ(δ) or QCσ(0) is Zs of the assemblyCδσ(δ)
or Cσ(0), respectively, subject to the microscopic con-
straint, i.e. a particular elementary stateσ for a single
piece of moleculeδ or a setσ of states each for indi-
vidual piece of a setδ of molecules is occupied byδ or
vacant. The elementary stateσ or the individual state
of the setσ may be a small cavity of molecular di-
mension confining the centre of gravity of a molecule

or a certain quantum state for the energy or the mo-
mentum of the latter.

We define further two quantities in terms of the Zs’s
appeared inEqs. (2.2) and (2.3)as

Θσ(δ) =
QCδσ(δ)

QCδ0
(2.4)

and

Θσ(0) = QCσ(0)
QC0

. (2.5)

Θσ(δ) orΘσ(0) has thus the physical meaning of the
respective probability thatσ is occupied or evacuated
by δ.

2.3. Extension of the definitions

The above defined functions may also be termed the
respective factors of multiplication of Zs caused by
the appropriate operations;pδ is thus the factor due to
the operation of addingδ to the assemblyC0 with un-
constrained internal parameters bringing about thereby
an assemblyCδ0 of the same description but with one
more constituent moleculeδ, qδσ that of bringing one
additionalδ up into vacantσ of Cσ(0) andΘσ(δ) or
Θσ(0) that of imposing the constraint upon the un-
constrained assemblyCδ0 or C0 that a specified state
σ is, respectively, occupied byδ or evacuated with
certainty.

With this interpretation above definitions may be
expressed in the forms

logpδ = �p,δ logQC0, (2.6)

logqδσ = �q,σ(0) logQCσ(0), (2.7)

logΘσ(δ) = �Θ,σ(0) logQCδ0, (2.8)

logΘσ(0) = �Θ,σ(0) logQC0, (2.9)

or summarized as

logλ = �λ logQC, (2.10)

whereλ stands forpδ, qδσ , Θσ(δ) or Θσ(0) and�λ,
when prefixed for instance to logQC, gives the incre-
ment caused by the operation appropriate toλ. For the
sake of having any meaning for the quantity with the
prefix, the assembly of interest must however be acces-
sible to the operation associated withλ. It is meant by
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“accessible”, for instance, to the operation associated
with qδσ that the assemblyCσ(0), Cδσ(0) or such other
hasσ free to acceptδ or the operation associated with
Θσ(δ) thatC0, Cδ ’s are, not being constrained by any
prescribed condition, ready to access the operation of
filling up σ with δ with certainty.

We define�λP as the increment of any property
P accompanied by the operation�λ upon the as-
sembly, and the quantity prefixed with�p,λ for in-
stance�p,λ logQC as that of logQC caused by in-
creasingP alone by the amount�λP without virtual
operation.

These increment defined above will be called
first-order increments. Denoting any two of these
�’s by �1 and�2 we define second-order increment
�1�2 logQC ≡ �1 logQC(�2) − �1 logQ and
�1�2P ≡ �1P(�2) − �1P , whereC(�2) is the
assembly brought about fromC by the operation as-
sociated with�2 andP(�2) the appropriate value of
P , it being presupposed that bothC andC(�2) are
accessible to the operation�1. Similarly, we define
higher order increments.

2.4. Approximations

Throughout the present paper, we will be contented
with the approximation of neglecting increments of
higher than second-order or power compared with the
increment of first-order or power except when the di-
rect interaction between two molecules each at an el-
ementary stateσ1 or σ2, respectively, specified, if at
all, by the two operations involved, such as in the case
when�1 ≡ �Θ,σ1(δ) and�2 ≡ �Θ,σ2(δ), is signifi-
cant. If either or both of the operation are of the sort
�p,δ, which specifies no elementary state, this excep-
tion falls of course off.

It follows that

(i) �p,δ2(logQC0+�p,δ1 logQC0) = �p,δ2 logQC0.

But since according toEqs. (2.2) and (2.6), it
is

logQC0 +�p,δ1 logQC0 = logQCδ10 ,

we have,

QCδ1+δ20

QCδ10

= QC
δ2
0

QC0
.

Writing pδ1+δ2 for the set of moleculesδ1 + δ2
according toEq. (2.2)in the form,

pδ1+δ2 = QC
δ1+δ2
0

QC0
= QC

δ1+δ2
0

QCδ10

QCδ10

QC0

we have

pδ1+δ2 = pδ1pδ2.

It may similarly be shown for a setδ of several
molecules,

δ =
∑
g

νgδg

consisting eachνg pieces ofδg,

pδ =
g∏
(pδg )νg . (2.11)

(ii) We have similarly as in the case of (i),

�Θ,σ(δ) (logQC0 +�p,δ logQC0)

= �Θ,σ(δ) logQC0,

or according toEqs. (2.4) and (2.8),

Θσ(δ) =
QCδσ(δ)

QCδ0
= QCσ(δ)
QC0

. (2.12)

(iii) Any increment of logQC may be written in the
form,

�λ logQC=(�λ logQC)P +
∑
j

�Pj ,λ logQC,

where the(�λ logQC)P denotes the increment
in the case when all propertiesPj ’s of interest
are arrested. Expanding�Pj ,λ logQC in power
series of�λPj and rejecting terms higher than
the first power, we have,

�Pj ,λ logQC = ∂ logQC

∂Pj
�λPj

and hence

�λ logQC = (�λ logQC)P

+
∑
j

∂ logQC

∂Pj
�λPj . (2.13)
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3. Theory

3.1. Interrelation amongpδ, qδσ ,Θσ(δ) andΘσ(0)

It follows immediately fromEqs. (2.2)–(2.5)

qδσ = Θσ(δ)

Θσ(0)
pδ. (3.1)

If δ consists in a single molecule andσ a small
cavity of molecular dimension which restricts the cen-
tre of gravity ofδ within, the above equation may be
written in the form,

pδ = Θσ(0)
qδσ /|σ |
Θσ(δ)/|σ | , (3.2)

where|σ | is the size of the cavityσ . As |σ | approaches
zero, so doesΘσ(0) unity andΘσ(δ)/|σ | the limiting
ratio of the probability finding the centre of gravity of
the molecule of the kindδ in the cavity to its volume
or the concentrationNδ at the point of convergence,
i.e.

Nδ = lim
|σ |→0

Θσ(δ)

|σ | . (3.3)

Since pδ should remain the same by definition ir-
respective of the arbitrarily assigned magnitude
|σ |, qδσ /|σ | tends to a definite value along with
Θσ(δ)/|σ |. Denoting the limiting value byQδ, i.e.
putting

lim
|σ |→0

qδσ

|σ | = Qδ. (3.4)

We haveEq. (2.2)in the form,

pδ = Qδ

Nδ
. (3.5)

3.2. Equilibrium relation forpδ

Let the condition prescribed to the assembly be such
thatδ may exist in different states,δA, δB , etc.,QCδ

A
,

QCδ
A
, etc. are now of the same value, since it is the

immaterial for the Zs over all possible states of the
assembly, whatever stateδ may initially assume when
admitted. It follows byEq. (2.2)

pδ
A = pδ

B = etc. (3.6)

The statesδA, δB , etc. will be called in equilibrium
with each other.

If δA, δB , etc. are, respectively, such sets of
molecules as

δA =
∑
a

νAa δ
A
a , δB =

∑
b

νBb δ
B
b ,

i.e. consist, respectively, ofνAa , ν
B
b , etc. pieces of indi-

vidual moleculesδAa , δ
B
b , etc., we have byEqs. (2.11)

and (3.6)

a∏
(pδ

A
a )ν

A
a =

b∏
(pδ

B
b )ν

B
b . (3.7)

3.3. Force, work, and energy

We postulate that there exists a set of internal pa-
rameters such that by varying the latters continuously
independent of each other and of the external ones,
the microscopic state of constituent molecules is trans-
ferred from one to the other keeping the whole assem-
bly at every instant at the statistical equilibrium. The
assemblyC0 may thus be converted intoCσ(δ) orCσ(0)
and the assembly consisting of macroscopic assembly
C0 orCσ(0) and a moleculeδ each situated outside the
influence of the other, i.e.C0 + δ or Cσ(0) + δ may
thus be unified intoCδ0 or Cδσ(0). All parameters in-
cluding internal and external ones will be denoted by
αa ’s. We have then according toEq. (2.1)

−kTlog
QCII

QCI
=
∑
a

∫ α
a(II )

α
a(I)

(−Παa )dαa, (3.8)

where

Παa = ∂(kTlogQC)

∂αa
=
∑

n −(∂En/∂αa)e−En/kT∑
n e−En/kT

.

(3.9)

Suffixes I and II signify two different particular
states of our assembly, andα(I) and α(II) appropri-
ate values of the parametersαa . The partial differen-
tial coefficient−∂En/∂αa is the force with which the
assembly atnth quantum state tends to increase with
the parameterαa , Παa the statistical average of the
force, −Παa the force to be applied from the exter-
nal world to the assembly to keepαa constant, and, in
consequence the left-hand side ofEq. (3.8)the work
required to bring up the assembly from the state I to II
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keeping the latter throughout at statistical equilibrium.
TheΠαa will be called the average force conjugated
to the parameterαa and the work the reversible work.

In the particular case when

CI = C0 + δ and CII = Cδ0

the left-hand side ofEq. (3.8)is −kTlogpδ,1 which
equals the relevant reversible work on the right. The
function−kTlogqδσ is similarly the reversible work re-
quired with fixed external parameters ofCσ(0) to bring
upδ from the standard state into the preliminarily evac-
uated stateσ , and−kTlogΘσ(0) or −kTlogΘσ(δ) that
required to force upon the assemblyC0 the constraint
that σ is, respectively, vacant or occupied byδ with
certainty. The latter three reversible works naturally
correspond to no readymade thermodynamical quan-
tity because of its microscopically detailed nature.

These reversible works−kTlogpδ, −kTlogqδσ ,
−kTlogΘσ(δ) and −kTlogΘσ(0) are summarized,
according toEq. (2.10), by

−kTlogλ = �λ(−kTlogQC), (3.10)

or by

−RTlogλ = �|λ(−kTlogQC), (3.11)

where�|λ signifies Avogadro’s numberNA times the
increment�λ.

The temperature variation ofQC at fixed external
parameterαa ’s is as well-known expressed according
to Eq. (2.1)in terms of statistical averagēE of Eigen-
werts, i.e.

kT2∂ logQC

∂T
=
∑

n Ene
−En/kT∑

n e−En/kT
= Ē. (3.12)

Partial differential coefficients with respect toT with-
out suffix will hereafter be referred to fixed external
parameters. The temperature variation ofλ is hence-
forth expressed according toEqs. (3.11) and (3.12), as

RT2∂ logλ

∂T
= �|λĒ. (3.13)

1 SinceQ(C0 + δ) may be factored asQ(C0 + δ) = QC0Qδ,
we haveQCII /QCI = QCδ0/QC0 by choosing asQδ = 1.

3.4. The functions and associated relations in
thermodynamical terminology

Provided that the statistical equilibrium fully de-
scribes the thermodynamical equilibrium,−kTlogQC
may be identified with Helmholtz free energyF ac-
cording toEq. (3.8)andĒ with the internal energyU
in thermodynamics, so that

F = −kTlogQC (3.14)

and

U = kT2∂ logQC

∂T
. (3.15)

We have immediately according toEqs. (3.14) and
(3.15)

U = F − T
∂F

∂T
, (3.16)

from Eq. (3.9)

−Παa = ∂F

∂αa
, (3.17)

from Eq. (3.11)

�|λF = −RTlogλ, (3.18)

and fromEq. (3.13)

�|λU = RT2∂ logλ

∂T
, (3.19)

or from Eq. (3.16)

�|λU = �|λF − T
∂�|λF
∂T

. (3.20)

Defining the entropy to complete the thermodynam-
ical terminology as2

S = −∂F

∂T
, (3.21)

2 The present argument is evidently valid in particular in the
case of microcanonical ensemble, when all quantum states have
the same EigenwertEn. In that case,Eq. (3.14)reduces, according
to Eq. (2.1)to the form,

F = En − kTlog
∑
n

1,

whence we have byEq. (3.21), S = k log
∑

n 1. This is the
quantum mechanical transcription of the well-known Boltzmann’s
relation.
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we have readily

�|λS = −∂�|λF
∂T

(3.22)

and fromEq. (3.16)

F = U − TS (3.23)

or

�|λF = �|λU − T�|λS. (3.24)

In the special case whenλ = pδ, the reversible
work −RTlogpδ may be identified with the chemical
potentialµδ in thermodynamics so that

µδ = −RTlogpδ. (3.25)

Eqs. (3.18)–(3.20), (3.22) and (3.24)then assume,
respectively, the forms, i.e.

(3.18) µδ = F̄ δ, (3.26)

(3.19) RT2∂ logpδ

∂T
= Ū δ, (3.27)

(3.20) Ū δ = µδ − T
∂µδ

∂T
, (3.28)

(3.22) S̄δ = −∂µδ

∂T
, (3.29)

(3.24) µδ = Ū δ − T S̄δ, (3.30)

where F̄ δ, Ū δ and S̄δ denote, respectively,�|p,δF,
�|p,δU and�|p,δS3 and called in accordance with
G.N. Lewis partial molar free energy, partial molar
internal energy and partial molar entropy, respectively.

Our approximation (i),Section 2.4, assumes now
the form,

µδ =
∑
g

νgµ
δg

which is taken as a matter of course in thermo-
dynamics.

3.5. Theλ for the assembly with variable external
parameters

In the foregoing sectionλ’s have been defined with
regard to an assembly whose external parameters are
kept constant throughout the operation associated with
respectiveλ’s. We extend here their definition and

3 cf. Eq. (2.6).

theory to the case when the external parameters of the
assembly of interest are not necessarily kept constant.

Let an assembly of interestA, which exclusively
subject to the operation associated withλ, is coupled
with anotherK according to the condition that (i) each
external parameter which is extensive property such as
volume, surface area, etc. is not fixed individually with
A andK but by the sum of that,βb, of A and that of
K, whereas external parameters of other kind is fixed
individually (ii) no force conjugated withβb’s acts
uponA +K from outside and that (iii) energy states
of either assembly is individually fixed dynamically
independent of each other at fixed values ofβb’s. A
simple example of such an assembly is that consisting
of two gaseous partsA andK sealed in a cylinder and
separated by a frictionless piston left free to move; the
energy state of the either gas may be taken as deter-
mined by the volume ofA, which is the only external
parameter of the latter proper, and no force conjugated
to the parameter is exerted by the external world.

We have thus in the assemblyA+K the special case
of that dealt with in the foregoing sections, for which,
of course, all definitions and consequent theoretical
developments remain valid. The same is true with the
assemblyA alone provided thatβb’s are arrested. The
latter assembly will be denotedAβ .

We may thus defineλ’s either with the assembly
A + K or with Aβ specifying the assemblyC of
Eq. (2.10)to be eitherA+K orAβ . Former ones will
be calledλ’s of assembly of variable external parame-
ters or simply those ofA+K and latters those ofAβ .

In the following section, we will first show the iden-
tity of the two series ofλ’s of the alternative definitions
(Section 3.6) next transformλ’s of A+K with special
reference to the interested assemblyA (Section 3.7)
and finally put the resulting expressions in compari-
son with those forλ’s of Aβ into thermodynamical
terminology (Section 3.8).

3.6. Identity ofλ’s of the assemblyA + K and
those ofAβ

The logλ is expressed according toEq. (2.13)in
the form,

logλ=�λ logQ(A+K) = (�λ logQ(A+K))β

+
∑
b

∂ logQ(A+K)

∂βb
�λβb, (3.31)
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where suffixβ signifies the condition of fixedβb’s
and �λβb the increments ofβb’s under the speci-
fied condition ofA + K. The differential coefficient
∂ logQ(A+K)/∂βb is however according toEq. (3.9)
the force conjugated toβb multiplied by 1/kT, which
vanishes according to (ii),Section 3.5, i.e.

∂ logQ(A+K)

∂βb
= 0 (3.32)

and hence the second term on the third member of
Eq. (3.31)vanishes.

The first term(�λ logQ(A+K))β is expressed in
the form,

(�λ logQ(A+K))β=�λ logQAβ + (�λ logQK)β,

(3.33)

where

(�λ logQK)β = 0, (3.34)

sinceA is only subjected to the operation.
We have byEqs. (3.31)–(3.34)

logλ = �λ logQ(A+K) = �λ logQAβ (3.35)

which states the enunciated identity.

3.7. Expression ofλ and derived quantities with
special reference toA

We begin with the expression for−kTlogQ(A+K)
with special reference to the assemblyA. According
to (iii), Section 3.5,Q(A+K) is factored in the form,

Q(A+K) = QAQK (3.36)

andQK in turn expressed according toEq. (3.8)as

logQK = 1

kT

∑
b

∫ βb

βb(0)
ΠK
βb

dβb + logQKβ(0),

(3.37)

whereΠK
βb

is the average force of the assemblyK
conjugated toβb andKβ(0) the assemblyK fixed by
a particular set of valuesβb(0)’s of βb’s.

We have, on the other hand, according toEqs. (3.9),
(3.32) and (3.36),

ΠA
βb

+ΠK
βb

= 0, (3.38)

whereΠA
βb

is the force of the assemblyA conju-

gated withβb. SubstitutingΠK
βb

from Eq. (3.38)into

Eq. (3.37), we have

logQK = − 1

kT

∑
b

∫ βb

βb(0)
ΠA
βb

dβb + logQKβ(0)

(3.39)

and substituting the latter in turn intoEq. (3.36)

logQ(A+K)= logQA− 1

kT

∑
b

∫ βb

βb(0)
ΠA
βb

dβb

+ logQKβ(0). (3.40)

Eq. (3.40)expresses logQ(A+K) in term of vari-
ables appropriate toA, logQKβ(0) being thereby a
constant.

Eqs. (2.10) and (3.40)give now according to
Eq. (2.13),

logλ=�λ logQA− 1

kT

∑
b

∫ βb

βb(0)
�λΠ

A
βb

dβb

− 1

kT

∑
b

ΠA
βb
�λβb, (3.41)

where�λΠ
A
βb

is the increment of the forceΠA
βb

due
to the operation associated withλ.

The temperature variation ofQ(A+K) and ofλ is
now derived begining again with that ofQ(A + K).
We have according toEqs. (3.32) and (3.36)

∂ logQ(A+K)

∂T

=
(
∂ logQ(A+K)

∂T

)
β

+
∑
b

∂ logQ(A+K)

∂βb

∂βb

∂T

=
(
∂ logQA

∂T

)
β

+
(
∂ logQK

∂T

)
β

, (3.42)

or expressing(∂ logQK/∂T )β by Eq. (3.39)

kT2
(
∂ logQ(A+K)

∂T

)
β

= kT2
(
∂ logQA

∂T

)
β

+
∑
b

∫ βb

βb(0)
ΠA
βb

dβb

− T
∑
b

∫ βb

βb(0)

∂ΠA
βb

∂T
dβb+kT2

(
∂ logQKβ(0)

∂T

)
β

,

(3.43)
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where the partial differential coefficient without suffix
denotes those under the specified condition ofA+K

in distinction from those with suffixβ at fixedβb’s.
The temperature variation ofλ is expressed accord-

ing to Section 2.4, Eqs. (2.10) and (3.43)as

kT2∂ logλ

∂T

= kT2�λ

(
∂ logQA

∂T

)
β

+
∑
b

∫ βb

βb(0)
�λΠ

A
βb

dβb

+
∑
b

ΠA
βb
�λβb − T

∑
b

∫ βb

βb(0)
�λ

∂ΠA
βb

∂T
dβb

− T
∑
b

∂ΠA
βb

∂T
�λβb. (3.44)

Eq. (3.44)is of course directly obtained by the dif-
ferentiation ofEq. (3.41). The temperature variation
of λ defined with respect to assemblyA4 is expressed
according toEqs. (2.10), (3.34) and (3.36)as

kT2
(
∂ logλ

∂T

)
β

= kT2�λ

(
∂ logQA

∂T

)
β

. (3.45)

ComparingEq. (3.44)with Eq. (3.45), we see that
whereasλ’s of the two alternative definition are iden-
tical as shown inSection 3.6, their temperature varia-
tion are different in general.

3.8. Thermodynamical form ofλ’s and associated
quantities for the assembly of variable external
parameters

We first write down Helmholtz free energy and the
internal energy, respectively, according toEq. (3.14)
and toEq. (3.15)of the assemblies,A + K, A and
Kβ(0) with appropriate subscripts, i.e.5

F = −kTlogQ(A+K), (3.46.AK)

FA = −kTlogQA, (3.46.A)

FK,β(0) = −logQKβ(0), (3.46.K)

U = kT2∂ logQ(A+K)

∂T
, (3.47.AK)

4 cf. Section 3.5.
5 External parameters ofA proper must be fixed at the partial

differentiation for obtaining the internal energy ofA with regard
to the implied condition of the general expressionEq. (3.15).

UA = kT2
(
∂ logQA

∂T

)
β

, (3.47.A)

UK,β(0) = kT2∂ logQKβ(0)

∂T
. (3.47.K)

Thermodynamical forms are obtained by simply
rewriting expressions obtained in the previous section
in terms ofF ’s andU ’s as follows:

(3.40) F = FA +
∑
b

∫ βb

βb(0)
ΠA
βb

dβb + FK,β(0),

(3.48)

(3.41) − kTlogλ=�λFA +
∑
b

ΠA
βb
�λβb

+
∑
b

∫ βb

βb(0)
�λΠ

A
βb

dβb,

(3.49)

(3.43) U = F − T
∂F

∂T
= UA+

∑
b

∫ βb

βb(0)
ΠA
βb

dβb

− T
∑
b

∫ βb

βb(0)

∂ΠA
βb

∂T
dβb + UK,β(0),

(3.50)

(3.44) kT2∂ logλ

∂T
=�λUA +

∑
b

ΠA
βb
�λβb

+
∑
b

∫ βb

βb(0)
�λΠ

A
βb

dβb

− T
∑
b

∂ΠA
βb

∂T
�λβb

− T
∑
b

∫ βb

βb(0)
�λ

ΠA
βb

∂T
dβb.

(3.51)

3.9. Thermodynamical form ofλ’s and derived
quantities for the assemblyAp

Thermodynamical form of−kTlogQ(A + K),
−kTlogλ, kT2(∂ logQ(A+K)/∂T ), andkT2(∂ logλ/
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∂T ) derived in the previous section with special ref-
erence to the assemblyA correspond in general to no
ready-made thermodynamical functions except when
λ ≡ pδ andA ≡ AP or when only external parameter
of A is the volumeVA and the conjugated average
force the pressurePA is kept constant independent of
VA andT .

Thermodynamical form in the previous section are
developed later with this particular case thatβ ≡ VA,
ΠA ≡ PA = constant, andλ ≡ pδ or −RTlogλ =
µδ, first rewriting the expressions there as follows:

(3.17) PA = −
(
∂FA

∂VA

)
T

, (3.52)

(3.48) F = FA + PAVA + FK,VA=0, (3.53)

(3.49) µδ = F̄ δ
A + PAV̄

δ
A, (3.54)

(3.50) U = F − T
∂F

∂T
= UA + PAVA

+UK,VA=0, (3.55)

(3.51) µδ − T
∂µδ

∂T
= Ū δ

A + PAV̄
δ
A. (3.56)

FK,VA=0 andUK,VA=0 give, respectively, particular
values ofFK,β(0) andUK,β(0) at β(0) ≡ VA(0) = 0
and

F̄ δ
A = �|pFA, (3.57.F)

Ū δ
A = �|pUA, (3.57.U)

V̄ δ
A = �|pVA, (3.57.V)

are partial molar quantities at the particular condition
of Ap, i.e. at the constant pressure.

We see the variable partFA + PAVA of F in
Eq. (3.53)correspond to Gibbs’ free energyZA, that
UA + PAVA of U in Eq. (3.55)to the enthalpyXA,
F̄ δ
A+PAV̄

δ
A of Eq. (3.54)to the partial molar quantity

Z̄δA of ZA andŪ δ
A +PAV̄

δ
A of Eq. (3.56)to the partial

molar enthalpyX̄δ
A of XA, i.e.

ZA = FA + PAVA, (3.58)

XA = UA + PAVA, (3.59)

Z̄δA = F̄ δ
A + PAV̄

δ
A (3.60)

and

X̄δ
A = Ū δ

A + PAV̄
δ
A. (3.61)

In term of these “ready-made” thermodynamical
functions previous equations are, respectively, rewrit-
ten as follows:6,7

(3.52)

(
∂ZA

∂PA

)
T

= VA, (3.62)

(3.54) µδ = Z̄δA, (3.63)

(3.55) ZA − T
∂ZA

∂T
= XA, (3.64)

(3.56) µδ − T
∂µδ

∂T
= X̄δ

A. (3.65)

IncorporatingEqs. (3.62) and (3.63), we have fur-
ther(
∂µδ

∂P δ
A

)
T

= V̄ δ
A. (3.66)

These relations are obtained in alternative forms by
introducing the entropySA of the assemblyA proper,
according toEq. (3.21), i.e.8

SA = −
(
∂FA

∂T

)
VA

. (3.67)

We have thus fromEq. (3.58)9

SA = −∂ZA

∂T
, (3.68)

6 Expressing(∂ZA/∂PA)T by differentiation ofEq. (3.58)in the
form(
∂ZA

∂PA

)
T

=
(
∂FA

∂VA

)
T

(
∂VA

∂PA

)
T

+ PA

(
∂VA

∂PA

)
T

+ VA,

we haveEq. (3.62)from Eq. (3.52).
7 SubstitutingF into Eq. (3.55)from Eq. (3.53)and observing

Eqs. (3.58), (3.59) and the relation

FK,VA=0 − T
∂FK,VA=0

∂T
= UK,VA=0

valid as a special case ofEq. (3.16)we have the above relation.
8 The external parameter ofA proper, i.e. the volume must

be kept constant at the partial differentiation with regard to the
implied condition of the general expressionEq. (3.21).

9 According to the identity,(
∂FA

∂T

)
PA

=
(
∂FA

∂T

)
VA

+
(
∂FA

∂VA

)
T

(
∂VA

∂T

)
PA

and Eqs. (3.52), (3.58) and (3.67)we have above relation, where
(∂ZA/∂T )PA is expressed without suffix.
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from Eq. (3.64)

ZA + TSA = XA, (3.69)

from Eqs. (3.68) and (3.63)

S̄δA = −∂µδ

∂T
, (3.70)

and fromEqs. (3.63) and (3.69)

µδ + T S̄δA = X̄δ
A, (3.71)

where partial differential coefficients without suffix
and the partial molar quantitȳSδA are all referred to the
specified condition ofAP , i.e. to the constant pressure.

We rewrite these relations for partial molar quanti-
ties ofA for the sake of later applications dropping the
subscriptA signifying instead explicitly the specified
condition by suffixP ,

µδ = Z̄δP , (3.72.�)(
∂µδ

∂T

)
P

= −S̄δP , (3.72.S)

µδ = X̄δ
P − T S̄δP . (3.72.E)

Corresponding relations forAV of the assemblyA,
whose only external parameterV is fixed, may be writ-
ten down as follows as the special case of those given
in Section 3.4, signifying explicitly the constancy of
the volume, i.e.

µδ = F̄ δ
V , (3.73.�)(

∂µδ

∂T

)
V

= −S̄δP (3.73.S)

and

µδ = Ū δ
V − T S̄δV . (3.73.E)

The relation between two groups of partial molar
quantities appearing, respectively, inEqs. (3.72.�),
(3.72.S), (3.72.E), (3.73.�), (3.73.S) and (3.73.E)is
developed as follows.

It is immediately transposed fromEqs. (3.60), (3.61)
and (3.66)that,

Z̄δP = F̄ δ
P + P V̄ δ

P , (3.74.Z)

X̄δ
P = Ū δ

P + P V̄ δ
P , (3.74.X)(

∂µδ

∂P

)
T

= V̄ δ
P . (3.74.V)

It follows on the other hand from the identity ofpδ

or µδ of the assemblyAP with that of AV as veri-
fied in Section 3.6and according toEqs. (3.72.E) and
(3.73.E)

µδ = X̄δ
P − T S̄δP = Ū δ

V − T S̄δV . (3.74.�)

We derive fromEq. (3.72.S)

S̄δP = −
(
∂µ

∂T

)
P

= −
(
∂µ

∂T

)
V

+
(
∂µ

∂P

)
T

(
∂P

∂T

)
V

or according toEqs. (3.73.S) and (3.74.V)and to the
relation(
∂P

∂T

)
V

= − (1/V )(∂V/∂T )P
(1/V )(∂V/∂P )T

,

S̄δP = S̄δV + α

β
V̄ δ
P , (3.74.S)

where

α = 1

V

(
∂V

∂T

)
P

and β = − 1

V

(
∂V

∂P

)
T

are the expansion coefficient and the compressibility
respectiveley.

FromEqs. (3.74.S), (3.74.�) and (3.74.X)we have

X̄δ
P = Ū δ

V + T
α

β
V̄ δ
P (3.75.X)

and

Ū δ
P = Ū δ

V +
(
T
α

β
− P

)
V̄ δ
P . (3.75.U)

Finally, we derive fromEqs. (3.72.S), (3.74.�) and
(3.74.V)(
∂X̄δ

P

∂P

)
T

= V̄ δ
P − T

(
∂V̄ δ

P

∂T

)
P

. (3.76)

3.10. Statistical thermodynamics of homogeneous
fluid

We call such an assembly or such a special part
of an assembly a homogeneous fluid that only exter-
nal parameter is volume andQδ of every constituent
molecule is, respectively, constant all over the space,
depending only on temperature, pressure and on the
composition but not on its absolute magnitude.

A homogeneous fluid is called ideal solution with
respect to certain components ifQδ of the latters
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are independent of any concentration of these compo-
nents. The latters are called ideal components, the ho-
mogeneous fluid ideal with respect to the components
and the homogeneous fluid consisting of remaining
components the solvent. We may expect a homoge-
neous fluid is ideal with respect to a component which
is dilute enough so that the work−kTlogqδσ and hence
Qδ of every constituent is constant independent of the
concentration of the dilute component.

A homogeneous fluid is called a perfect gas or sim-
ply a gas if the latter is ideal with respect to every
component.

Following are deduced from the above definition.
Let an ideal solutionA with respect to a compo-

nentδ0 be separated from its solventB consisting of
δ1, . . . , δs by a semipermeable membrane which is im-
permeable only toδ0. The whole assembly is consid-
ered as in equilibrium at a constant volume, andB big
enough so that the shift of the membrane practically
makes no difference in its pressure nor in composition.

SinceQδ ’s and henceµδ ’s according toEqs. (3.5)
and (3.25)depend only on the pressure and composi-
tion but not on the absolute magnitude of the fluid at
constant temperature, Gibbs’ free energyZ of a homo-
geneous fluid is expressed according toEq. (3.72.�)
in the form,

Z =
∑
i

nδiµδi

and henceF according toEq. (3.58)

F =
∑
i

nδiµδi − PV, (3.77)

wherenδi is the number of moles ofδi .
The F of the partA or B is now, respectively,

expressed as

FA = nδ0µδ0 +
i=s∑
i=1

n
δi
Aµ

δi
A − PAVA or

FB = nδ0µδ0 +
i=s∑
i=1

n
δi
Bµ

δi
B − PBVB.

Because of the assumed equilibrium we have, how-
ever, acccording toEqs. (3.6) and (3.25)

µ
δi
A = µ

δi
B = µδi = constant, i = 1, . . . , s. (3.78)

Denoting the sumnδiA + n
δi
B by nδi we have forF

of the whole assembly

F = FA + FB = nδ0µδ0 +
∑
i

nδiµδi

−PAVA − PBVB. (3.79)

Differentiating F with respect toVA we obtain the
average forceΠδ0 = PA −PB conjugated withVA or
the osmotic pressure,

PA − PB = −
(
∂F

∂VA

)
T

= −nδ0
(
∂µδ0

∂VA

)
T

+PA − PB + VA

(
∂PA

∂VA

)
T

or

VA

(
∂PA

∂VA

)
T

= nδ0

(
∂µδ0

∂VA

)
T

(3.80)

with regard to the relation thatVA + VB = constant.
According toEqs. (3.5) and (3.25)we have

µδ = µδ1 + RTlogNδ (3.81)

where

µδ1 = −RTlogQδ (3.82)

and hence notingNδ0 = nδ0/VA,(
∂µδ0

∂VA

)
T

=
(
∂µ

δ0
1

∂PA

)
T

(
∂PA

∂VA

)
T

− RT

VA
(3.83)

inasmuch asQδ of the ideal component is the func-
tion only of pressure at a constant temperature.
(∂µ

δ0
1 /∂PA)T is obtained fromEq. (3.81)as(

∂µδ0

∂PA

)
T

= V̄
δ0
P =

(
∂µ

δ0
1

∂PA

)
T

+ RTβA, (3.84)

where

βA = −
(
∂ logVA
∂PA

)
T

is the compressibility.
By Eqs. (3.80), (3.83) and (3.84), we have(
∂PA

∂VA

)
T

= − nδ0RT

VA(VA − nδ0V̄
δ0
P + nδ0RTβA)

,
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or by integration, remembering thatΠδ0 = PA − PB ,

Πδ0 = nδ0RT
∫ ∞

VA

dVA

VA(VA − nδ0V̄
δ0
P + nδ0RTβA)

,

(3.85)

provided thatPA = PB at VA = ∞.
If nδ0RTβA is negligible compared withVA−nδ0V̄ δ0

P

and V̄ δ0
P is constant independent ofVA, which might

be the case for a colloidal solution,nδ0V̄ δ0
P being the

total displacement volume of the colloidal particles,
Eq. (3.85)assumes the form with regard to the relation
Nδ0 = nδ0/VA,

Πδ0 = − RT

V̄
δ0
P

log(1 −Nδ0V̄
δ0
P ). (3.86)

Eq. (3.86)might be useful for the determination of
the molecular weight of the colloidal particles by
analysing the measurement ofΠδ0 at different con-
centrations, whereby the displacement volumenδ0V̄

δ0
P

is simultaneously determined.
If nδ0V̄ δ0

P − nδ0RTβA is negligibly small compared
with VA, we have fromEq. (3.85)

Πδ0 = nδ0
RT

V
. (3.87)

If ideal componentsδ0, . . . , δt are confined together
in the spaceA, we have by similar reasoning instead
of Eq. (3.85)

Π=
i=t∑
i=0

nδiRT
∫ ∞

VA

dVA

VA{VA−∑i=t
i=0 n

δi (V̄
δi
P −RTβA)}

,

(3.88)

and instead ofEq. (3.87), if
∑i=t

i=0 n
δi (V̄

δi
P − RTβA) is

negligibly small compared withVA,

Π =
i=t∑
i=0

nδi
RT

V
. (3.89)

In the further special case of a gas, when the as-
sembly is ideal with respect to every component we
have according to our definition that,(∂µδ01 /∂P )T =
0, since the pressure varies nothing but the concentra-
tion of ideal components. We have hence according to
Eq. (3.84),

RTβ − V̄
δi
P = 0, i = 1, . . . , s (3.90)

or taking the fact thereby thatPB = 0 or Π = PA
into account and dropping subscriptA

PV =
i=s∑
i=0

nδiRT, (3.91)

i.e. the ideal gas law. It may be noted thatEq. (3.90)
is conversely satisfied byEq. (3.91)inasmuch asβ =
1/P andV̄ δi

P = RT/P according to the latter.
For a general homogeneous fluid we defineF̄ δ

V,1,

F̄ δ
P,1, andZ̄δP,1, as

F̄ δ
V,1 = F̄ δ

V − RTlogNδ, (3.92.V)

F̄ δ
P,1 = F̄ δ

P − RTlogNδ, (3.92.P)

Z̄δP,1 = Z̄δP − RTlogNδ. (3.92.Z)

It follows immediately fromEqs. (3.72.�), (3.73.�),
(3.74.Z), (3.81) and (3.82)

µδ1 = F̄ δ
V,1 = F̄ δ

P,1 + P V̄ δ
P = Z̄δP,1 (3.93.�)

and fromEqs. (3.74.V), (3.92) and (3.93.�)(
∂F̄ δ

V,1

∂P

)
T

=
(
∂Z̄δP,1

∂P

)
T

= V̄ δ
P − RTβ, (3.93.P)

remembering that,

Nδ = nδ

V
. (3.93.N)

S̄δV ,1 andS̄δP,1 are defined as follows:

S̄δV ,1 = S̄δV + R logNδ, (3.94.V)

S̄δP,1 = S̄δP + R logNδ. (3.94.P)

We have on the other hand differentiatingµδ of
Eq. (3.81)with respect toT , respectively, with con-
stantV or P(
∂µδ

∂T

)
V

=
(
∂µδ1

∂T

)
V

+ R logNδ, (3.95.V)

(
∂µδ

∂T

)
P

=
(
∂µδ1

∂T

)
P

− RTα + R logNδ. (3.95.P)

It follows from Eqs. (3.72.S), (3.73.S), (3.94) and
(3.95)

S̄δV ,1 = −
(
∂µδ1

∂T

)
V

, (3.96.V)
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S̄δP,1 = −
(
∂µδ1

∂T

)
P

+ RTα (3.96.P)

and fromEqs. (3.74.S) and (3.94)

S̄δP,1 = S̄δV ,1 + α

β
V̄ δ
P . (3.96.S)

Ū δ
V,1, Ū

δ
P,1, andX̄δ

P,1 are now defined as

Ū δ
V,1 = F̄ δ

V,1 + T S̄δV,1, (3.97.UV)

Ū δ
P,1 = X̄δ

P,1 + P V̄ δ
P , (3.97.UP)

X̄δ
P,1 = Z̄δP,1 + T S̄δP,1, (3.97.XP)

along with the expressions, respectively, forŪ δ
V , Ū δ

P ,
andX̄δ

P as derived fromEqs. (3.72), (3.73) and (3.74),
i.e.

Ū δ
V = F̄ δ

V + T S̄δV , (3.98.UV)

Ū δ
P = X̄δ

P − P V̄ δ
P , (3.98.UP)

X̄δ
P = Z̄δP + T S̄δP . (3.98.XP)

If follows from Eqs. (3.92), (3.94), (3.97) and (3.98)

Ū δ
V,1 = Ū δ

V , (3.99.UV)

Ū δ
P,1 = X̄δ

P , (3.99.UP)

X̄δ
P,1 = Ū δ

P (3.99.XP)

and hence fromEqs. (3.75), (3.76) and (3.99)

X̄δ
P,1 = Ū δ

V,1 + T
α

β
V̄ δ
P , (3.100.X)

Ū δ
P,1 = Ū δ

V,1 +
(
T
α

β
− P

)
V̄ δ
P , (3.100.U)

(
∂X̄δ

P,1

∂P

)
T

= V̄ δ
P − T

(
∂V̄ δ

P

∂T

)
P

. (3.101)

In the case of ideal solution for whichµδ1 is constant
at constantT andP the above quantities with suffix 1
are all similarly constant independent ofNδ provided
thatα andβ are constant or their shift withNδ is neg-
ligible, as it follows from the above definitions and
derived relations.10 It is usual to regard these quan-
tities the properties of the standard state of the ideal

10 F̄ δ
V,1, (∂F̄

δ
V,1/∂P )T and henceV̄ δ

P are constant according to

Eq. (3.93.P)independent ofNδ . Hence, it follows from other
relations the same is true with all quantities suffixed with 1.

solution whereNδ = 1. Here we should rather treat
these quantities as the properties of our homogeneous
solution itself, if ideal or not, than have recourse to
the standard state.

In the case of a gas, the independency ofα, β and
hence ofV̄ δ

P is strictly secured with the following par-
ticular values as derived fromEq. (3.91),

α = 1

T
, (3.102.�)

β = 1

P
, (3.102.�)

V̄ δ
P = RT

P
. (3.102.V)

Eqs. (3.93), (3.96), (3.97), (3.100) and (3.101)now
assume the particular forms:

µδ1 = F̄ δ
V,1 = F̄ δ

P,1 + RT= Z̄δP,1 (3.103.�)

S̄δV ,1 = −
(
∂µδ1

∂T

)
V

= S̄δP,1 − R = −
(
∂µδ1

∂T

)
P

(3.103.S)

Ū δ
V,1 = Ū δ

P,1 = X̄δ
P,1 − RT (3.103.U)(

∂X̄δ
P,1

∂P

)
P

= 0 (3.103.X)

4. Application-I. Equilibrium

4.1. Bose–Einstein and Fermi–Dirac statistics

Assuming both Bose–Einstein and Fermi–Dirac
gas are as a whole describable by an appropriate
petit quantum canonical ensemble, the mean pop-
ulation or the distribution functionfs of quantum
stateσs of energyεs for individual moleculesδ’s is
given by

fs =

(0 ×Θσs(0))+ (1 ×Θσs(δ))

+(2 ×Θσs(2δ))+ (3 ×Θσs(3δ))+ · · ·
Θσs(0) +Θσs(δ) +Θσs(2δ) +Θσs(3δ) + · · · ,

(4.1)
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whereΘσs(νδ) denotes the probability thatν pieces
of δ’s simultaneously occupy the elementary stateσs ,
which vanishes forν > 1 according to the Pauli prin-
ciple in the case of Fermi–Dirac gas.
Θσ(νδ) in the case of Bose–Einstein gas may be

written according to the definitionsEqs. (2.4) and (2.5)

Θσs(νδ) = QCσs(0)
QC0

QCσs(νδ)
QCσs(0)

= Θσs(0)
(QCδσs(δ)/QCσs(0)) · · · (QCνδσs(νδ)/QC

(ν−1)δ
σs((ν−1)δ) )

(QCνδσs(νδ)/QC
(ν−1)δ
σs(νδ)

) · · · (QCδσs(νδ)/QCσs(νδ))
. (4.2)

The denominator of the third member ofEq. (4.2)
simply equals(pδ)ν according to the approximation
of Section 2.4, provided thatν is not very large.

The first factor of the numerator equalsqδσs accord-
ing to Eq. (2.3), i.e.

qδσs = QC
δ
σs
(σ )

QCσs(0)
(4.3)

which may be evaluated as follows: Since Bose–
Einstein statistics attributes the same statistical weight
to every possible distribution ofN molecules in the
gas over all elementary states and to the total en-
ergy, the sum

∑
t νt εt of individual energiesεt ’s of

all molecules, respectively, at quantum statesσt ’s,
QCσs(0) is the summation of Boltzmann factors of∑

t νt εt over all possible distribution ofN molecules
with the constraintνs = 0, i.e. that ofN molecules
over all σt ’s exceptσs . QCδσs(δ) is similarly that of
N + 1 molecules with the constraintνs = 1 or that
of N molecules over allσt ’s exceptσs which holds
(N + 1)th δ. It follows that there is one to one corre-
spondence between Boltzmann factors of the two se-
ries relevant, respectively, toQCδσs(δ) and toQCσs(0)
so that every one of the former series differs from the
corresponding one of the latter by a factor e−εs/kT.
We have thus

QCδσs(δ) = QCσs(0)e−εskT, (4.4)

or according toEq. (4.3),

qδσs = e−εskT. (4.5)

It is shown similarly the remaining factors of the nu-
merator equalsqδσs or e−εs/kT so far as the premise of
the Bose–Einstein statistics goes.

We have hence in place ofEq. (4.2),

Θσs(νδ) =
(
qδσs

pδ

)ν
Θσs(0), (4.6)

or substitutingΘσs(νδ) from Eq. (4.6)into Eq. (4.1),

fs = (0 × 1)+(1×(qδσs /pδ))+(2×(qδσs /pδ)2)+ · · ·
1+(qδσs /pδ)+(qδσs /pδ)2 + · · · .

(4.7)

Owing to the above approximationfs is given by
Eq. (4.7)only when the power series of the numerator
and denominator converges or(qδσs /p

δ)ν for largeν is
insignificant. In that case whenqδσs /p

δ < 1 Eq. (4.7)
is written in the form,

fs = qδσs /p
δ

1 − qδσs /p
δ

or expressingqδσs by Eq. (4.5)andpδ by the corre-
sponding reversible work̄ε = −kTlogpδ,

fs = (e(εs−ε̄)/kT − 1)−1. (4.8)

Remembering, on the other hand, thatΘσs(νδ) = 0
for ν > 1 in the case of Fermi–Dirac gas, we arrive,
by a similar reasoning but without resorting to the
approximation as above, at the distribution function,

fs = (e(εs−ε̄)/kT + 1)−1.

4.2. Homogeneous equilibrium

The equilibrium relationEq. (3.7) readily affords
the equation,

a∏(
QδAa

NδAa

)νAa
=

b∏(
QδBb

NδBb

)νBb
(4.9)

for the equilibrium between two sets of components,

δA =
∑
a

νAa δ
A
a and δB =

∑
b

νBb δ
B
b

in a homogeneous fluid by substitutingpδ from
Eq. (3.5), or

KN =
∏b

(NδBb )ν
B
b∏a

(NδAa )ν
A
a

=
∏b

(QδBb )ν
B
b∏a

(QδAa )ν
A
a

, (4.10)
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whereKN is a constant independent ofNδAa ’s or the
equilibrium constant provided thatδAa ’s are all ideal
components11.

4.3. Heterogeneous equilibrium-1

We treat in this section the simplest case of het-
erogeneous equilibrium, i.e. the equilibrium between
molecules of one kind adsorbed each on one of iden-
tical sites on a crystal surface and the molecules of
the same kind in a homogeneous fluid. Our model of
the crystal surface consists in general of small seg-
ments of lattice planes, each lattice point or a certain
set of lattice points on any one of them providing a
siteσA for an adsorbed molecule whereQδ or Nδ in
Eq. (3.5)is concentrated, each segment being however
big enough so that geometrically congruentσA’s on
that segment are practically physically identical.

Because of the equilibrium we have according to
Eq. (3.7)

pδa = pδh,

whereδa or δh denotes adsorbed molecule or that in
the homogeneous fluid, respectively. Expressingpδa

by Eq. (3.1)andpδh by Eq. (3.5), we have, dropping
subscriptsa andh,

Θσ(δ)

Θσ(0)
= qδσ

Nδ

Qδ
. (4.11)

If any site is either occupied byδa or else evacuated
with certainty, we have12

θ = Θσ(δ) = 1 −Θσ(0), (4.12)

where θ is the degree of adsorption identified with
Θσ(δ).

EliminatingΘσ(δ) andΘaσ(0) from Eqs. (4.11) and
(4.12), we have

θ

1 − θ
= qδσ

Qδ
Nδ. (4.13)

Introducing a further approximation that each
molecule adsorbed on a site behaves like that in the
homogeneous fluid in a cavity of the magnitude|σ |,
11 SeeSection 3.10.
12 This can not be the case whenδ is allowed to occupy any site

which partly overlaps withσ .

within which the potential energy being constantly
lower than that in the homogeneous fluid byεσ , we
have by similar reasoning as in the case ofEq. (3.4),

qδσ = |σ |Qδe−εσ /kT. (4.14)

Substituting the above expression inEq. (4.13) the
latter assumes a more familiar form,

θ

1 − θ
= |σ |e−εσ /kTNδ, (4.15)

which gives the Langmuir’s adsorption isotherm.

4.4. Heterogeneous equilibrium-2

We proceed in this section to a bit more complicated
case whenδ in the homogeneous fluid splits, when
adsorbed, into two partsδ1’s each occupying a site as
an adsorbed molecule in the foregoing example. The
equilibrium relationEq. (3.7)is now

pδ = (pδ1)2

which gives, whenpδ andpδ1 are substituted, respec-
tively, from Eqs. (3.5) and (3.1), the relation

Θσ(0)

Θσ(δ)

qδσ =
√
Qδ

Nδ
. (4.16)

Eliminating Θσ(0) and Θσ(δ) from Eq. (4.12) and
(4.16)as in the foregoing section, we have,

1 − θ

θ
=
√
Qδ

Nδ
. (4.17)

4.5. Heterogeneous equilibrium-3

In this section, we treat another case, when any
one of identical sites is either vacant or occupied by
any one of molecules of the several components of a
homogeneous fluid.

We have immediately

Θσ(0) +
∑
i

Θσ(δi ) = 1, (4.18)

whereas for individualδi similarly as in the case of
Eq. (4.11)

Θσ(δi )

Θσ(0)
= qδiσ

Nδi

Qδi
(4.19)
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and henceforth fromEqs. (4.18) and (4.19),

θi = Θσ(δi ) = q
δi
σ N

δi /Qδi

1 +∑
i q

δi
σ Nδi /Qδi

, (4.20)

whereθi is the degree of adsorption ofith component
identified withΘσ(δi ).

Substituting the approximate expression forqδiσ
from Eq. (4.14)we haveEq. (4.20)in the form,

θi = |σ |Nδie−εσi /kT

1 +∑
i |σ |Nδie−εσi /kT

, (4.21)

whereεσi is εσ for δi . An expression identical with
Eq. (4.21) is arrived at by Hückel[5] by a special
reasoning.

4.6. Heterogeneous equilibrium-4

In this section, we develop a method of deriving the
adsorption isotherm allowing for the mutual interac-
tion among adsorbed molecules.

Our method will first be exemplified with the case
when the moleculesδ’s of only one kind from a ho-
mogeneous fluid are adsorbed in equilibrium each on
one of the identical sitesσ ’s allayed on a plane square
pattern, the interaction being significant only between
directly neighboring adsorbed molecules.

We denote our assembly, consisting of the adsor-
bent attached with a definite number ofδ’s and the
homogeneous fluid, byC with appropriate subscripts:
Cσ0(0) or Cσ0(δ) thus denotes that with its particular
site σ0 evacuated or occupied, respectively,Cσs(0) or
Cσs(δ) that withσs , one of four direct neighbors ofσ0
numbered bys = 1, 2, 3 or 4, evacuated or occupied,
respectively,C2(0) that with the set of all five sitesσ0
andσs ’s denoted by2, are evacuated, and finallyC0
that without any such constraint.
QC0 is now expressed in terms ofC2(0), pδ, qδσ,0,

ξ , andη, the latter two as described later taking care
of the mutual interaction, as

QC0 =CQ2(0)
∑
t0,...,t4

(
qδσ,0

pδ

)t0+···+t4

× ξ t0(t1+···+t4)ηt1+···+t4, (4.22)

wheret0, etc. denote, respectively, 1 or 0, according
asσ0, etc. is occupied or not,

∑
t0,...,t4

the summation
over all possible sets of values oft0, etc.

We see with regard toEq. (4.22)thatqδσ,0/p
δ would

give the factor of multiplication of Zs when one ofδ is
picked up from outside and planted on any vacant site
of 2, and hence

∑
t0,...,t4

(qδσ,0/p
δ)t0+···+t4 the factor

to be multiplied toQC2(0) for making upQC0 if
the mutual interaction were absent. The factorξ or η
gives now the extra factor of multiplication either due
to the interaction of each adjacent pair of adsorbed
molecules inside2, or due to the interaction between
one of them and others outside2, respectively. They
may differ from unity except forσ0 and is the same
for σ1, σ2, σ3 andσ4 because of the symmetry of2.
Carrying out the summation we have

QC0 =QC2(0)
(

1 + qδσ,0η

pδ

)4

+QC2(0)
qδσ,0

pδ

(
1 + qδσ,0ηξ

pδ

)4

. (4.23)

QCσ0(0) or QCσ0(δ) is given, respectively, by the
first or the second term on the right-hand side of
Eq. (4.23), which is the part of the summation of
Eq. (4.22), respectively, corresponding tot0 = 0 or
t0 = 1, i.e.

QCσ0(0) = QC2(0)
(

1 + qδσ,0η

pδ

)4

, (4.24)

QCσ0(δ) = QC2(0)
qδσ,0

pδ

(
1 + qδσ,0ηξ

pδ

)4

. (4.25)

QCσs(0) is given as the part of the sum corresponding
to ts = 0 as

QCσs(0) =QC2(0)

×


(

1+qδσ,0η

pδ

)3

+qδσ,0

pδ

(
1+qδσ,0ηξ

pδ

)3

 .

(4.26)

The degree of adsorptionθ or Θσ0(δ) is now given
according toEqs. (2.4), (4.23) and (4.25)in the form,

θ =Θσ0(δ)

= (qδσ,0/p
δ)(1 + qδσ,0ηξ/p

δ)4

(qδσ,0/p
δ)(1 + qδσ,0ηξ/p

δ)4 + (1 + qδσ,0η/p
δ)4

.

(4.27)
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We now deduce in accordance with Bethe[6] and
Peierls [7] that QCσ0(0) must equalQCσs(0), since
σ0 and σs are physically identical, i.e. according to
Eqs. (4.24) and (4.26)

(
1 + qδσ,0η

pδ

)4

=
(

1 + qδσ,0η

pδ

)3

+ qδσ,0

pδ

(
1 + qδσ,0ηξ

pδ

)3

. (4.28)

Eliminatingη from Eqs. (4.27) and (4.28)we haveθ
as a function ofpδ, qδσ,0 andξ .

The pδ is given by the equilibrium relation as in
Sections 4.3 and 4.4as the function of the concentra-
tion or pressure in the homogeneous fluid. Theqδσ,0 is

according to the definition given as the ratio ofQMδ
σ

to QM, whereMδ
σ is the adsorbent in the fluid with

only one δ adsorbed atσ andM the latter without
adsorbdδ.

With the approximation that theδ and the rest of
the assembly are each at thermal motion reciprocally
in the mean potential field of the other and that the
height of energy levels ofM proper above the energy
at rest remain unchanged by adsorbingδ, QMδ

σ may
be expressed by factors as

QMδ
σ = QMe−ε0/kTQδ

and hence we have forqδσ,0

qδσ,0 = QM
δ
σ

QM
= e−ε0/kTQδ, (4.29)

whereQδ is the Zs ofδ moving in the mean poten-
tial field of M or the sum of Boltzmann factors of
Eigenwerts referred to the minimumε0 of the mean
potential.

The factorξ is estimated again with the approxi-
mation that each of the two adsorbed molecules inter-
acting moves reciprocally in the mean potential field
of the other, the height of individual energy levels
above the minimum potential energy remaining unaf-
fected by the interaction. The interaction contributes
thus simply a constant termu to the Eigenwerts of
the whole assembly or a constant factorξ = e−u/kT

to the Zs. Theξ may thus be obtained by evaluating
u properly.

Okamoto, Horiuti and Hirota[1] estimatedqδσ,0 and
ξ after this manner in developing their theory of the
hydrogen electrode process.

The present method may readily be extended to the
case when the pattern of sites is of less symmetry and
the allowance is made for the interaction between re-
moter molecules than directly neighboring. Attributing
different extra factor of multiplicationη to every sym-
metry class ofσs ’s appropriate to respective symmetry
operation with respect to2 and differentξ to every
pair of sites of different relative position in2, QC0,
QCσs(0), QCσ0(0) andQCσ0(δ) are given byQC2(0)
multiplied by a function ofpδ, qδσ,0, η’s andξ ’s.

The degree of adsorptionθ is given as in the pre-
vious cases byQCσ0(δ)/QC0 which is expressed in
terms ofqδσ,0, pδ, η’s andξ ’s. But since we have so
many different expressions forQCσs(0) as the num-
berg of symmetry classes ofσs ’s as well asQCσ0(0)
which are to be set equal to each other, we haveg in-
dependent relations amongµ’s,pδ, qδσ,0 andξ ’s. Solv-
ing η’s therefrom and substituting the latter into the
expression forθ , we haveθ in terms ofpδ, qδσ,0, and

ξ ’s. Sincepδ is in turn determined by the equilibrium
relation, we obtain estimatingqδσ,0 andξ ’s properly as
in the previous case,θ as a function of the concentra-
tion of molecules in the homogeneous fluid, i.e. the
adsorption isotherm.

An actual calculation by the method outlined above
will be pressented in later papers.

5. Application-II. Chemical reaction in general

5.1. The scope and procedure of application

At the present stage of the chemical kinetics a re-
action is taken as the overall result of a sequence of
elementary reactions, the sequence, which adequately
describes the experimental result in conformity with
the stoichiometrical relation or the chemical equation,
being called its mechanism. According to the postu-
late is our procedure now the statistical mechanical
description of the individual elementary reactions and
hence of the overall rate synthesizing the latters.

Another postulate underlying to the current proce-
dure in the chemical kinetics is that the rate of elemen-
tary reactions is determined at a given temperature and
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external parameters solely by the momentary chemi-
cal composition of the assembly involved not depend-
ing on the history or explicitly on time. We might
advance amplifying the latter a postulate in its place
in detailed statistical mechanical terms thus affording
an exact basis for the application of our procedure.

Consider an assembly which would be derived from
the observed one if left standing under the prescribed
external condition to attain an equilibrium. The ele-
mentary reaction will be there going on in either direc-
tion more or less fluctuating the chemical composition.

The canonical ensemble of the assembly at equilib-
rium will of course consist of overwhelming majority
of examples of the chemical composition close to the
average at equilibrium, but a few, if exceptional, will
have the chemical composition of the observed assem-
bly, where so-called irreversible reaction is in general
in progress. We postulate now that the chance with
which a particular elementary reaction occurs to the
assembly as well as its momentary properties is given
as the average over that part of the ensemble which
happened to have the momentary chemical composi-
tion of the assembly.

We call the assembly in thermal equilibrium if thus
describable and the corresponding part of Zs that of
the assembly. In terms of the Zs we defineλ’s of
the assembly just as in the case of those in complete
equilibrium. Taking the fixed chemical composition
as the microscopic constraint the whole theory ofλ

developed inSection 3is applicable for the assembly
at thermal equilibrium.

After we have defined in the next section the reac-
tion of the particular type we are going to deal with,
we advance inSection 5.3the expression for the rate
of the elementary reaction at thermal equilibrium de-
rived on the basis of the above postulate.

The overall chemical reaction to be composed of
elementary reactions is generally expressed by

δL = δR, (5.1)

whereδL or δR denotes reactant or resultant consisting
generally of eachνL

l pieces ofδL
l or of eachνR

r pieces
of δR

r , so that

δL =
∑
l

νL
l δ

L
l , (5.2.L)

δR =
∑
r

νR
r δ

R
r . (5.2.R)

We call, on the other hand, the set of elementary
particles involved in the elementary reaction generally
the reaction complex and that at the state before or af-
ter the elementary reaction in particular the initial or
final complex in distinction, respectively, from the re-
actant or resultant of the overall reaction. The initial
and the final complex are in general taken as consist-
ing, respectively, of eachνI

i pieces of moleculesδI
i and

eachνF
f ones ofδF

i that

δI =
∑
i

νI
i δ

I
i , (5.3.I)

δF =
∑
f

νF
f δ

F
f . (5.3.F)

The simplest mechanism is that of the reaction con-
sisting of only one elementary reaction. The reaction
of this mechanism will be called the simple reaction.
In general, however, the sequence needs not even be
a consecutive one but branched, multiple one so that
several different courses are available for a reactant to
pass into the resultant. The type of sequences or the
mechanism of the reaction going to be dealt with is
that, inclusive of the simple reaction, of the steady re-
action with a rate-determining step proceeding at ther-
mal equilibrium.

In Section 5.4, we express the rate in terms ofλ’s.
The expression is now ready for various particular
applications in later sections.

5.2. The steady reaction with rate-determining step
at thermal equilibrium

It is meant by steady reaction such one as that
the rates of creation and consumption of every inter-
mediate product are practically balanced and by the
rate-determining step an elementary reaction which is
necessary for the reaction to proceed at all and has
a negligibly small rate in either direction compared
with that of any other constituent elementary reaction
of the reaction.

The following may be inferred from thus detailed
definition.

(i) The intial complex of the rate-determining step of
the reaction is most probably transferred into the
reactant rather than into the final complex, and the
final complex into the resultant rather than into
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the reactant or in other word that an initial com-
plex of the rate-determining step originates prac-
tically all in the reactant and the final complex
practically certainly pass into the resultant, and
hence that one act of the rate-determining step is
necessary and sufficient for the reaction complex
of the rate-determining step to complete the reac-
tion, i.e. to pass from the state of the reactant to
that of the resultant.

(ii) The excess of the rate of any elementary reac-
tion in one direction over that in the reversed
direction must be equal to or smaller13than that
of the rate-determining step for the reaction to
proceed steadily or without accumulation of the
intermediate product. But since the rate in either
direction of the rate-determining step itself is
negligible compared with either of any other ele-
mentary reaction, the same must be true with the
excess. It follows that for any other elementary
reaction than the rate-determining one the excess
is negligibly small compared with its rate in ei-
ther direction, or in other word both the rates are
practically balanced.

5.3. The rate of the elementary reaction

The rate of elementary reaction which proceeds adi-
abatically inside an assembly at thermal equilibrium
is derived as follows[8,9]:

�v = κ
kT

h

QCδ
∗

0

QCδ
I

0

. (5.4)

TheQCδ
∗

0 orQCδ
I

0 is the classical approximation of

the Zs of the assemblyCδ
∗

0 orCδ
I

0 , i.e. of the assembly
C0 of definite chemical composition augmented by the
critical complexδ∗ or by the initial complexδI .
Cδ

∗
0 is defined asCδ̄0 at a particular configuration

corresponding to the minimum ofQCδ̄0, whereCδ̄0 is an
assembly consisting ofC0 of definite chemical com-
position and the reaction complexδ̄ within the latter
with its representative point in the configuration space
resting on a hypersurface separating the region cor-
responding to the state ofδI of δ̄ from that δF. The
hypersurface thus determined is called the critical sur-

13 The excess may be smaller than that of the rate-determining
step when the course is branched.

face andδ̄ at the corresponding particular state the
critical complexδ∗.

The transmission coefficientκ in Eq. (5.4)is defined
as follows: we consider the representative points of the
part of canonical ensemble, referred to inSection 5.2,
appropriate to the chemical composition of the assem-
bly Cδ̄. Because of the microscopic reversibility, how-
ever, the flow of the representative points through the
critical surface is blanced by the reversed one. The
transmission coefficientκ is now the ratio of the num-
ber of representative points which complete the ele-
mentary reaction over that which transit the critical
surface in either direction. It follows from the defini-
tion of QCδ

∗
0 and κ the latters are the same for the

reverse elementary reaction. The rate�v of the reverse
elementary reactiion is hence given by

�v = κ
kT

h

QCδ
∗

0

QCδ
F

0

. (5.5)

The derivation of the above expression has nothing
to do with some equilibrium relation between the ini-
tial and the critical complex and is generally applica-
ble to the assembly at thermal equilibrium not being
restricted to the case of the reaction complex behaving
dynamically independent. Nor it presupposes the ex-
sistance of the saddle point of the potential energy and
its being determinant of the rate. As shown later the
expression thus derived includes that of Eyring[10]
or of Evans and Polanyi[11] as its special case.

5.4. Classification of reaction and different
expressions for the rate

Eqs. (5.4) and (5.5)for the rate of the elementary
reaction may readily expressed according toEq. (2.2)
in terms ofλ’s, i.e.

�v = κ
kT

h

pδ
∗

pδ
I , (5.6a)

�v = κ
kT

h

pδ
∗

pδ
F (5.6b)

where

pδ
I =

i∏
(pδ

I
i )ν

I
i , (5.7.I)

pδ
F =

f∏
(p

δF
f )
νF
f (5.7.F)
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according toEqs. (2.11), (5.3.I) and (5.3.F). The func-
tion pδ

∗
in Eqs. (5.6a) and (5.6b)may either be ex-

pressed according toEq. (3.1)in the form,

pδ
∗ = Θσ ∗(0)

Θσ ∗(δ)
qδ

∗
σ ∗ (5.8)

or according toEqs. (3.3) and (3.5)in the form,

pδ
∗ = Qδ∗

Nδ∗ , (5.9)

where

Qδ∗ = lim
|σ ∗|→0

qδ
∗
σ ∗

|σ ∗| (5.10)

andσ ∗ denotes a small cavity of molecular dimension
housing the centre of gravity ofδ∗ within. Substituting
pδ

∗
from Eq. (5.8)or from Eq. (5.9)into Eq. (5.6a)

and (5.6b), we have

�v = κ
kT

h

Qδ∗

Nδ∗pδI , (5.11a)

�v = κ
kT

h

Qδ∗

Nδ∗pδF , (5.11b)

or

�v = κ
kT

h

Θσ ∗(0)
Θσ ∗(δ∗)

qδ
∗
σ ∗

pδ
I , (5.12a)

�v = κ
kT

h

Θσ ∗(0)
Θσ ∗(δ∗)

qδ
∗
σ ∗

pδ
F . (5.12b)

We call along withSection 3.10an elementary reac-
tion homogeneous, ifQδ∗ and henceNδ∗ remain con-
stant all over the space concerned, or heterogeneous,
if Qδ∗ and henceNδ∗ are concentrated at siteσ ∗ of
the similar description as that ofσA in Section 4.3. A
reaction will be called homogeneous or heterogeneous
according as its rate-determining step either.

Eq. (5.11)may conveniently be transformed as fol-
lows for the homogeneous elementary reaction.Nδ∗

being the concentration of only oneδ∗ exsisting in the
assembly,14 it may be identified with the reciprocal of
volumeV of the homogeneous fluid whereδ∗ is in.
We obtain thus fromEq. (5.11),

�v1 = �v
V

= κ
kT

h

Qδ∗

pδ
I , (5.13a)

14 cf. Section 5.3.

�v1 =
�v

V
= κ

kT

h

Qδ∗

pδ
F , (5.13b)

where�v1, and �v1 are respective rates per unit volume.
Eq. (5.12)is on the other hand transformed for the

heterogeneous elementary reaction occurring in iden-
tical sitesσ ∗’s of total numberG. QCδ

∗
0 , pδ

∗
and

Θσ ∗(σ ∗) involved in the expression are, now in accor-
dance withSection 5.3, those of the assembly con-
taining oneδ∗ in either one ofσ ∗. It follows that
GΘσ ∗(σ ∗)=1 or Θσ ∗(σ ∗) = 1/G, i.e. thatEq. (5.12)
assumes the form,

�v1 = �v
A

= κ
kT

h
G1

qδ
∗
σ ∗

pδ
I Θσ ∗(0), (5.14a)

�v1 =
�v

A
= κ

kT

h
G1

qδ
∗
σ ∗

pδ
FΘσ ∗(0), (5.14b)

whereA is the area of the surface andG1 is the number
of σ ∗’s per unit area. The total rate may be obtained
by simply summing up�v1, or �v1, of Eq. (5.14a)or
Eq. (5.14b)with respect to all kinds of sites.

6. Application-III. The characteristic number on
the reaction

6.1. The order of reaction

The orderm of a reaction has hitherto been taken
the characteristic number of the reaction and the most
important information about the mechanism.

Let the homogeneous fluid of our assembly contain
membersδL

l ’s of the reactant, respectively, at concen-

trationsNδL
l ’s but none of the resultant, the former

passing over into the reactant at a rate�r0 per unit vol-
ume of the fluid. The numberm is expressed as

m =
∑
l

∂ log �r0
∂ logNδL

l

. (6.1)

The individual term ∂ log �r0/∂ logNδL
l on the

right-hand side ofEq. (6.1)gives what is called the
order of reactionmL

l with respect toδL
l , i.e.

mL
l = ∂ log �r0

∂ logNδL
l

. (6.2)



J. Horiuti / Journal of Molecular Catalysis A: Chemical 199 (2003) 199–234 219

We consider on the basis of rate expressions ad-
vanced in Section 5.4, how the order of reaction
indicates the mechanism, first with the homogeneous
simple reaction,15 assuming throughout thatκ re-
mains constant with progress of the reaction.

We have in this case according to the definition,

�r0 ≡ �v1,

δL ≡ δI , δR ≡ δF (6.3)

and

pδ
L ≡ pδ

I
, (6.4.L)

pδ
R ≡ pδ

F
, (6.4.R)

where�v1 is the rate of the elementary reaction reck-
oned per unit volume of the homogeneous fluid. Ex-
pressingpδ

L
and pδ

R
according toEqs. (2.11) and

(5.2) in the forms,

pδ
L =

l∏
(pδ

L
l )ν

L
l , (6.5.L)

pδ
R =

r∏
(pδ

R
r )ν

R
r , (6.5.R)

we have byEqs. (3.5), (5.13a), (6.3), (6.4.L) and
(6.5.L)

�r0 = κ
kT

h

Qδ∗∏l
(QδL

l )ν
L
l

l∏
(NδL

l )ν
L
l , (6.6)

i.e. that�r0 is proportional to
∏l
(NδL

l )ν
L
l provided that

components of variable concentration behave ideal so
thatQδ ’s remain constant in the course of the reaction.
The order is now given according toEqs. (6.1), (6.2)
and (6.6)as

m =
∑
l

νL
l (6.7)

and

mL
l = νL

l . (6.8)

The order of reactionmL
l with respect toδL

l hence
equals the number of the moleculeδL

l reacting andm
the total number of such molecules. Conversely, if ob-
served value, ofmL

l , respectively, equals the stoichio-
metrical coefficientνL

l of the chemical equation, the

15 cf. Section 5.1.

mechanism may well be that of the simple reaction
but not necessarily.

In the case when the simple reaction is hetero-
geneous the same is true withm and mL

l since �r0
or �v1, is, as in the previous case, proportional to∏l
(NδL

l /QδL
l )ν

L
l in the homogeneous fluid according

to Eqs. (3.5), (5.14a), (6.3), (6.4.L) and (6.5.L), pro-
vided thatQδL

l ’s andqδ
∗
σ ∗Θσ ∗(0) in Eq. (5.14a)remain

constant.
Passing now to the homogeneous reaction con-

sisting of several elementary reactions, where every
component of variable concentration behaves ideal,
we first observe that�r0 is proportional to�v1, of the
rate-determining step, if not identical with, as in the
case of simple reaction, that�v1, in turn depends solely
onpδ

I
of the step because of the ideality according to

Eq. (5.13a), that pδ
I

in turn is combined soley with
pδ

L
l ’s16 because of the equilibrium relationEq. (3.6)

prevailing, according toSection 5.2, (ii), with all
other elementary reactions than the rate-determining
step, and thatpδ

L
l in turn depends only uponNδL

l

according toEq. (3.5). The ordermL
l may hence be

expressed according toEq. (6.2)in the form,

mL
l = ∂ log �r0

∂ logNδL
l

= ∂ log �r0
∂ logpδI

∂ logpδ
I

∂ logpδ
L
l

∂ logpδ
L
l

∂ logNδL
l

.

Both the first and third differential coefficients of the
third member of the equation being -1 according to
Eqs. (3.5) and (5.13a), we have

mL
l = ∂ logpδ

I

∂ logpδL

which depends on the mechanism of the reaction.
In the case of the homogeneouspara–ortho-con-

version of hydrogen, if the rate-determining step is
elementary reaction,

H + p-H2 → o-H2 + H,

we have betweenδL ≡ p-H2 andδI ≡ H + p-H2 the
equilibrium relation,

(pp-H2)3/2 = pHpp-H2

16 The form of the functionpδ
I = pδ

I
(pδ

L
1 , pδ

L
2 , . . . , pδ

L
l ) de-

pends on the mechanism.
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and hence

m = mL
l = 3

2.

The numberm ormL
l , if determined experimentally,

gives thus a criterion for the mechanism.
The same is true with the heterogeneous reaction

provided that component of variable concentration be-
haves ideal andqδ

∗
σ ∗Θσ ∗(0) in Eq. (5.14a)remains suf-

ficiently constant.
The above procedure of providing a criterion for

the mechanisn may be useful in the case of the ho-
mogeneous reaction, when we can often foresee the
ideality on the ground of the small concentration
of variable composition, but less in the case of the
heterogeneous reaction when we can hardly be sure
whetherqδ

∗
σ ∗Θσ ∗(0) is sufficiently constant before we

learn anything about the mechanism.17

6.2. The stoichiometric number of the reaction

We first define the rate of the reaction in the forward
direction as the number�v of reactants passing over into
the resultant per unit time. The�v may be experimen-
tally determined by distinguishing reactants originally
present from those produced by the backward reaction,
labelling the reactants or resultants, say, by means of
isotopes. Since one act of the rate-determining step in
the forward direction is necessary and sufficient for its
reacting complex to pass from the state of the reactant
into that of resultant,18 we have

µ�v = �v, (6.9a)

whereµ is the number of forward acts of rate-deter-
mining step required to transfer one reactant com-
pletely to a resultant.

The backward rate�v defined similarly bears a re-

lation to �v

µ �v = �v . (6.9b)

Numerical values of�v or �v hence depends, al-
though the productµ�v orµ �v is fixed, on the absolute
value of the coefficient in the relevant chemical equa-
tion, where only the ratio among them needs to be

17 cf. Section 8.1.
18 cf. Section 5.2, (i).

fixed. We refer here for the sake of concretenessµ, �v
and �v to the smallest possible intergral coefficients.
We will call the characteristic number of the reaction
µ thus fixed the stoichiometric number and proceed to
express it in the form accessible to the experimental
determination.

The observable resultant rate�r of decrease of reac-
tant is given by

�r = �v − �v . (6.10)

We see, on the other hand, that by passing of one
reactant over into the resultant the Zs of the assem-
bly is multiplied by a factorpδ

R
/pδ

L
, inasmuch as the

intermediate product of the steady reaction changes
meanwhile hardly in concentration.19 The multiplica-
tion being, however, overall result of elementary re-
action involved, it equals the multiplication due to the
rate-determining steppδ

F
/pδ

I
, raised toµth power,

i.e.

pδ
R

pδ
L =

(
pδ

F

pδ
I

)µ
(6.11)

since Zs remains unaffected because of the equi-
librium relation Eq. (3.6) by any other elementary
reaction than the rate-determining step according to
Section 5.2, (ii).

The argumentpδ
F
/pδ

I
on the right-hand side of

Eq. (6.11)equals�v/ �v as it follows immediately from
Eqs. (5.6a) and (5.6b), i.e.

�v
�v

= pδ
F

pδ
I . (6.12)

Eliminating now pδ
F
/pδ

I
, �v, �v and �v from

Eqs. (6.9a)–(6.12), we have

�r = �v

1 −

(
pδ

L

pδ
R

)1/µ

 , (6.13)

or differentiating with respect to

x = pδ
L

pδ
R , (6.14)

∂�r
∂x

= ∂�v
∂x
(1 − x1/µ)− 1

µ
�vx1/µ−1

19 cf. Section 5.2.
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or at equilibrium of the reaction whenx = 1,

1

µ
= − 1

�vEq

(
∂�r
∂x

)
Eq

(6.15)

or according toEqs. (3.25) and (6.14)

1

µ
= RT

�vEq

(
∂�r

∂(µδ
L − µδ

R
)

)
Eq
, (6.16)

where the suffix ‘Eq’ signifies the values at equilib-
rium.

The numberµ is expressed in a slightly different
form by differentiating�r with respect topδ

L
l : the result

is, according toEqs. (6.5.L), (6.13) and (6.14),

∂�r
∂pδ

L
l

= ∂�v
∂pδ

L
l

(1 − x1/µ)− �v ν
L
l

µ

x1/µ

pδ
L
l

or at equilibrium

νL
l

µ
= − 1

�vEq

(
∂�r

∂ logpδ
L
l

)
Eq

(6.17)

or by Eq. (3.25)

νL
l

µ
= RT

�vEq

(
∂�r
∂µδ

L
l

)
Eq

. (6.18)

Eq. (6.16)or Eq. (6.18)allows us to determineµ
experimentally provided�vEq is observed for instance
by a proper use of isotopes.

6.3. The stoichiometric number of the hydrogen
electrode process

The fitting of an alternative mechanism to the ob-
served value ofµ is exemplified later with the hydro-
gen electrode process.

If the hydrogen electrode reaction written down in
the form,

H2 = 2H+ + 2e (6.19)

has the mechanism,

H2 → 2H, H H+ + e, (6.20)

i.e. if H2 splits first into adsorbed hydrogen atoms and
then each atom dissociates further into a hydrogen ion
H+ and a metal electron e of the electrode and the
latter step is the rate-determining,µ is 2, since then

the step should take place twice as frequently as the
total reaction.

If on the other hand, the mechanism is such that,

H2 H+
2 + e, H2

+ → 2H+ + e (6.21)

or that H2 splits first into the hydrogen molecule ion
H2

+ and a metal electron determining the rate, and
H2

+ then further into 2H+ and e,µ must be 1.
The experimental determination ofµ in the case

of the hydrogen electrode process on platinum has
been carried out by Horiuti and Ikusima[12]. The
resultant current�vEq in Eq. (6.16)was measured by
the electrode current, while�vEq by the rate of the
exchange reaction between the hydrogen gas and the
solution around the electrode[13,14]andpδ

L
/pδ

R
by

the relation,20

−RTlog
pδ

L

pδ
R = 2Fη, (6.22)

whereF signifies Faraday andη the overvoltage of the
electrode.21 We obtain fromEqs. (6.14), (6.15) and
(6.22)noting thatpδ

L = pδ
R

at equilibrium and hence
η = 0, an expression;

1

µ
= RT

2F�iη=0

(
∂�i
∂η

)
η=0

, (6.23)

where�iη=0 and�i are currents corresponding, respec-
tively, to rates �vEδ and�r.
20 Eq. (6.22)is derived as follows. For the reversible hydrogen

electrode we have the equilibrium relation according toEq. (3.6),
i.e.

pH2 = (pH+
)2(pe

0)
2,

where pe
0 is the pδ of the metal electron there. But since the

reversible work of transferring−F electricity from the reversible
electrode into the electrode in question is−Fη by definition, we
have

−RTlog
pe

pe
0

= −Fη,

wherepe is that of the metal electron in the electrode. But since
according toEq. (6.19), pδ

L = pH2 andpδ
R = (pH+

)2(pe)2, we
havepδ

L
/pδ

R = (pe
0/p

e)2 and henceEq. (6.22).
21 The overvoltage is defined as the electrode potential referred

to any reversible hydrogen electrode in the same solution of the
same hydrogen concentration as that in the direct neighbourhood
of the electrode in question.
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Horiuti and Ikusima[12] thus found thatµ = 1
for the hydrogen electrode process on platinum. The
mechanism ofEq. (6.21)among the two alternatives
advanced thus only fits the observed value ofµ.

7. Application-IV. Homogeneous reaction

7.1. The rate of the homogeneous elementary
reaction

We definekx of the homogeneous elementary reac-
tion in accordance withEqs. (3.5), (5.7.I) and (5.13a)
as

kx = �v∏i
(NδI

i )ν
I
i

= κ
kT

h

Qδ∗∏i
(QδI

i )ν
I
i

, (7.1)

where suffixx signifies
∑

i ν
I
i or the total number

of molecules of the initial complex. Thekx is the
“rate constant” as called usually but not necessarily a
constant inasumuch asQδ ’s in Eq. (7.1)may vary if
δ’s are not ideal.

Denoting the quantities at infinite dilution of vari-
able components by suffix 0, we have

kx = κ

κ0
kx0

∏i
(f δ

I
i )ν

I
i

f δ
∗ , (7.2)

where

kx0 = κ0
kT

h

Qδ∗
0∏i

(Q
δI
i

0 )
νIi

, (7.3)

f δ = Qδ
0

Qδ
. (7.4)

The f δ may be identified with activity coefficient
inasmuch as it becomes unity at the infinite dilution
and bears the relation toµδ according toEqs. (3.81),
(3.82) and (7.4)

µδ = µδ1,0 + RTlogf δNδ, (7.5)

where

µδ1,0 = −RTlogQδ
0. (7.6)

The relation of the form ofEq. (7.5)was advanced
by Brönsted[15,16]and Wynne-Jones and Eyring[17]
by analogy to thermodynamics regarding the activated

complex as thermodynamical chemical species with-
out definingf δ on the statistical mechanical basis.

In the case of a gaskx0 is independent of the pressure,
Qδ

0’s being equal to that in vacuum.Qδ∗
0 is hence

calculable with reference to a single reaction complex
in vacuum.

7.2. The rate constant due to Eyring, Evans and
Polanyi

Eq. (7.1)or Eq. (7.3)is identical in the form with
those obtained by Eyring[18], Evans and Polanyi[11]
but not quite in its implication. The latter authors de-
rive the identical form ofEq. (7.3) by defining the
activated complexδ∗E(g) arbitrarily with reference to
the saddle point on the potential energy surface of an
isolatedδ̄ and by assuming the chemical equilibrium
between the initial and the activated complex or by
expressing the concentrationNδ∗E(g) of the latter ac-
cording to the equilibrium relationEq. (4.9)as

Nδ∗E(g) = Qδ∗E(g)∏i
(QδI

i )ν
I
i

i∏
(NδI

i )ν
I
i . (7.7)

Multiplying the latter by the “universal frequency”
kT/h, the frequency of transition through the saddle
point in the forward direction forδ∗E(g) and by the
chanceκ “that having once crossed the barrier, the ac-
tivated complex does not return,”[19] they arrive at
the rate expression and hence at the identical form of
Eq. (7.1). Extending now the latter form by analogy,
they go back to that ofEq. (7.2)for the elementary
reaction in liquid,Qδ∗ there being, according to them,
that of quasi-gas molecule moving in the mean poten-
tial field of the environment.

It is implied in the theory of Eyring[20], Evans and
Polanyi [11] that the saddle point is at least approxi-
mately narrowest pass on the path from the initial to
the final state. This may be practically true in many
cases but associated with difficulty in some cases.

Eyring assumes, for example, in accounting for the
negative temperature coefficient of the elementary re-
action,

2NO+ O2 → 2NO2

that the activated complex consisting of the three
molecules 2NO and O2 has the same minimum poten-
tial energy as the initial complex, which corresponds
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to the lowest possible saddle point[20]. As pointed
out by Rice[21] however the temperature coefficient
cannot be zero or negative if such saddle point is
even approximately narrowest to pass through. This
difficulty is of course not associated with the present
method where the critical complex is originally de-
fined with referrence to the narrowest configuration
itself.

Another difficulty with their method is due to the
assumption of the equilibrium relation between the
initial and the activated complex. We consider first the
state of equilibrium between the initial and the final
complex and then that of the irreversible state brought
about from the former by removing the final complex.
If the transmission coefficient is unity or the reacting
complex which transits the state of the activated com-
plex forward, originate all in the initial complex, the
rate of the transition remains of course unaffected by
removing of the final complex. The equilibrium rela-
tion is then applicable in this sense which is assumed
by Wynne-Jones and Eyring[17] for general validity.

The assumption is not, however, legitimate even in
this sense when the transmission coefficient is appre-
ciably less than unity, or, when only a small fraction
of the reaction complexes once traversed the activated
state completes the elementary reaction.22 Admitting
with Eyring, Evans and Polanyi that the activated state
is the narrowest pass throughout the course from the
initial to the final state, we may conclude that at equi-
librium the activated complex transiting in either di-
rection will equally likely reach the initial as well
as the final state, and any one there is equally likely
having come from the either state. By removing now
the final complex in this case, the activated complex,
which originating in the final complex transits the ac-
tivated state forward, falls off, the total number of acti-
vated complexes transiting forward being thus almost
halved. The equilibrium relation is thus inapplicable
here even in the above sense.

This latter difficulty is, however, only formal, since
the final rate expressionEq. (7.1) or Eq. (7.3), of
the identical form is derived according to the present
method without resorting to the equilibrium relation.

It seems to the present author that Fowler[22],
Guggenheim and Weiss[23] criticises the method of

22 We consider here only elementary reactions which proceed
adiabatically, cf.Section 5.3.

Eyring [18], Evans and Polanyi[11] because of the
equilibrium relation with the conception of the lat-
ter case or that of the diffusion-type as called by
the present author[8,9] whereas Eyring, Evans and
Polanyi[24] defend with the conception of the former
case or that of the effusion type. They both are justi-
fied so far as the respective extreme case is concerned.

Rabinowitch [25], Christiansen[26,27] and Nor-
rish [28] follow a different line of developing the the-
ory of the elementary reaction from that of Eyring
[18], Evans and Polanyi[11] with special reference
to the diffusion type. The procedure of the former
group of authors seems, however, to be looked upon
by Eyring as an alternative manner of describing the
unique reality,23 rather than as dealing, as actually they
are, with the other extremity of the reality.

Experimental meterials hitherto found unfortu-
nately fit the picture of the effusion type, or equally
well the both. It is desirable to find examples which,
fitting exclusively that of the diffusion type, lead us
inevitably to the correct synthesis of these antithesis.

7.3. The thermodynamical form of the
homogeneous rate

In this section, the rate and the rate constant will be
expressed in thermodynamical terminology: it is how-
ever neither claimed nor needs to be claimed thereby
that the critical complex behaves like a thermodynam-
ical chemical species or that recognized directly by
thermodynamical (stoichiometrical) procedure; every
quantity and relation here dealt with are purely of the
statistical mechanical formulation being clad in ther-
modynamical terms.

Eq. (5.6a) for the rate of the elementary reac-
tion is expressed by substitutingpδ ’s formally from
Eq. (3.25)with due regard toEqs. (3.72.�), (3.73.�)
and (5.7.I)as follows:

�v = κ
kT

h
e−�|∗FV /RT = κe−�|∗ZP /RT, (7.8)

where

�|∗FV = F̄ δ∗
V −

∑
i

νI
i F̄

δI
i

=�|∗ZP = Z̄δ
∗
P −

∑
i

νI
i Z̄

δI
i . (7.9)

23 cf. Eyring’s comment on the work of Christiansen[27].
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Denoting the critical increment of any extensive
property by prefix�|∗ and the associated condition of
constant volume or of constant pressure, respectively,
by suffixV orP as above we have fromEqs. (3.72.�),
(3.73.�) and (3.74.�)

�|∗FV =�|∗ZP = �|∗UV − T�|∗SV
=�|∗XP − T�|∗SP (7.10)

and henceEq. (7.8)in the form,

�v = κ
kT

h
e�|∗SV /Re−�|∗UV /RT

= κ
kT

h
e�|∗SP /Re−�|∗XP /RT. (7.11)

Eq. (7.1)for kx is expressed according toEqs. (3.82)
and (3.93.�) in the form,

kx = κ
kT

h
e−�|∗FV,1/RT = κ

kT

h
e−�|∗ZP,1/RT, (7.12)

where

�|∗FV,1 = F̄ δ∗
V,1 −

∑
i

νI
i F̄

δI
i

V ,1 = �|∗ZP,1

= Z̄δ
∗
P,1 −

∑
i

νI
i Z̄

δI
i

P ,1 = µδ
∗

1 −
∑
i

νI
i µ

δI
i

1 .

(7.13)

Defining increments�|∗UV,1, �|∗XP,1, �|∗SV,1 and
�|∗SP,1 of the “standard state” similarly as�|∗FV,1
or �|∗ZP,1, kx is further expressed according to
Eq. (3.97)in the form,

kx = κ
kT

h
e−(�|∗UV,1−T�|∗SV,1)/RT

= κ
kT

h
e−(�|∗XP,1−T�|∗SP,1)/RT, (7.14)

where

�|∗FV,1 =�|∗UV,1 − T�|∗SV,1 = �|∗ZP,1
=�|∗XP,1 − T�|∗SP,1. (7.15)

Critical increaments andkx are constant at constant
temperature and pressure provided that components
of variable concentration are ideal andκ, α, andβ
remain, respectively, constant.

Interrelations among critical increments are readily
derived from the relations among partial molar quan-
tities developed inSection 3.9 and 3.10as follows:

�|∗FV = �|∗ZP = �|∗FP + P�|∗VP , (7.16.F)

�|∗SP = �|∗SV + α

β
�|∗VP , (7.16.S)

�|∗XP =�|∗UV + T
α

β
�|∗VP

=�|∗UP + P�|∗VP , (7.16.X)(
∂�|∗FV
∂T

)
V

= −�|∗SV , (7.16.FS)

(
∂�|∗ZP
∂T

)
P

= −�|∗SP , (7.16.ZS)

(
∂�|∗FV
∂P

)
T

=
(
∂�|∗ZP
∂P

)
T

= �|∗VP , (7.16.FV)

�|∗FV,1 = �|∗ZP,1 = �|∗FP,1 + P�|∗VP , (7.17.F)

�|∗SP,1 = �|∗SV,1 + α

β
�|∗VP , (7.17.S)

�|∗XP,1 =�|∗UV,1 + T
α

β
�|∗VP

=�|∗UP,1 + P�|∗VP , (7.17.X)(
∂�|∗FV,1

∂T

)
V

= −�|∗SV,1, (7.17FS)

(
∂�|∗ZP,1

∂T

)
P

= −�|∗SP,1 + ν∗RTα, (7.17.ZS)

(
∂�|∗FV,1

∂P

)
T

=
(
∂�|∗ZP,1

∂P

)
T

=�|∗VP − ν∗RTβ, (7.17.FV)(
∂
�|∗XP,1

∂P

)
T

= �|∗VP − T

(
∂�|∗VP
∂T

)
P

, (7.18)

�|∗FV,1 =�|∗FV − RTlogN
∗ = �|∗ZP,1

=�|∗ZP − RTlogN
∗
, (7.19.F)

�|∗SV,1 = �|∗SV + R logN
∗
, (7.19.SV)

�|∗SP,1 = �|∗SP + R logN
∗
, (7.19.SP)
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�|∗UV,1 = �|∗UV , (7.19.U)

�|∗XP,1 = �|∗XP , (7.19.X)

where

logN
δ∗ = logNδ∗ −

∑
i

logνI
i logNδI

i (7.20.N)

and

ν∗ = 1 −
∑
i

νI
i . (7.20.�)

In the special case of a gas when

�|∗VP = ν∗ RT

P
, (7.21.V)

α = 1

T
(7.21.�)

and

β = 1

P
, (7.21.�)

Eqs. (7.16), (7.17) and (7.18)assume, respectively, the
forms,

�|∗FV = �|∗ZP = �|∗FP + ν∗RT, (7.22.F)

�|∗SP = �|∗SV + ν∗R, (7.22.S)

�|∗XP = �|∗UV + ν∗RT= �|∗UP + ν∗RT,

(7.22.X)

�|∗UV = �|∗UP = �|∗U, (7.22.U)(
∂�|∗FV
∂T

)
V

= −�|∗SV , (7.22.FS)

(
∂�|∗ZP
∂T

)
P

= −�|∗SP , (7.22.ZS)

(
∂�|∗FV
∂P

)
T

=
(
∂�|∗ZP
∂P

)
T

= ν∗ RT

P
, (7.22.FV)

�|∗FV,1 = �|∗ZP,1 = �|∗FP,1 + ν∗RT, (7.23.F)

�|∗SV,1 = �|∗ZP,1 + ν∗R, (7.23.S)

�|∗XP,1 = �|∗UV,1 + ν∗RT= �|∗UP,1 + ν∗RT,

(7.23.X)

�|∗UV,1 = �|∗UP,1, (7.23.U)

(
∂�|∗FV,1

∂T

)
V

= −�|∗SV,1, (7.23.FS)

(
∂�|∗ZP,1

∂T

)
P

= −�|∗SP,1 + ν∗R, (7.23.VS)

(
∂�|∗FV,1

∂P

)
T

=
(
∂�|∗ZP,1

∂P

)
T

= 0, (7.23.FV)

(
∂�|∗XP,1

∂P

)
T

= 0, (7.23.XV)

whereasEq. (7.19)remains intact.

7.4. The temperature variation of the rate and the
rate constant

Our treatment for the variation of the rate with tem-
perature will be restricted to the elementary reaction
of the effusion type24 for which κ is constantly unity.
The temperature variation of the rate�v is readily ex-
pressed according toEq. (7.8)in the form,

RT2
(
∂ log �v
∂T

)
P

= RT+�|∗ZP − T

(
∂�|∗ZP
∂T

)
P

(7.24.P)

and

RT2
(
∂ log �v
∂T

)
V

= RT+�|∗FV − T

(
∂�|∗FV
∂T

)
V

(7.24.V)

and hence according toEqs. (7.10) and (7.16)

RT2
(
∂ log �v
∂T

)
P

= RT+�|∗XP , (7.25.P)

RT2
(
∂ log �v
∂T

)
V

= RT+�|∗UV . (7.25.V)

The temperature variation of the rate constant of
the elementary reaction is expressed in the form of
the Arrhenius activation energy by differentiation of
Eq. (7.12), i.e.

RT2
(
∂ logkx

∂T

)
P

= RT+�|∗ZP,1 − T

(
∂�|∗ZP,1

∂T

)
P

, (7.26.P)

24 SeeSection 7.2cf. [8,9].
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RT2
(
∂ logkx

∂T

)
V

= RT+�|∗FV,1 − T

(
∂�|∗FV,1

∂T

)
V

, (7.26.V)

and according toEqs. (7.15) and (7.17)

RT2
(
∂ logkx

∂T

)
P

= RT+�|∗XP − ν∗RT2α,

(7.27.P)

RT2
(
∂ logkx

∂T

)
V

= RT+�|∗UV . (7.27.V)

The difference between the above two forms of
the temperature variation is expressed according to
Eq. (7.16.X)as

RT2
(
∂ logkx

∂T

)
P

− RT2
(
∂ logkx

∂T

)
V

= T
α

β
�|∗VP − ν∗RT2α. (7.28)

Assuming thatT = 300 K, �|∗VP = 100 ml, α =
10−3 per degree,β = 10−4 atm−1 andν∗ = −1 which
corresponds to the ordinary case of the bimolecular
elementary reaction in liquid, we find 7 kcal for the
difference which is by no means negligible.

The expression for the difference is derived by
Evans and Polanyi[11] raising the importance of
the “Arrhenius activation energy at constant volume”
RT2(∂ logkx/∂T )V for elucidation of the reaction
mechanism in liquid who, however, leave out the
second termν∗RT2α in the above equation.

The latter term, although minor in the above exam-
ple of the liquid assembly, becomes so large in gas
that it just cancels the first according toEq. (7.21).
Both the “activation energies” are now identical with
each other being given as

RT2
(
∂ logkx

∂T

)
P

= RT2
(
∂ logkx

∂T

)
V

= RT+�|∗U,

where

�|∗U = �|∗UP = �|∗UV .

7.5. Pressure variation of the rate

Our treatment of the pressure variation is restricted
as noted in the foregoing section to the case of effu-

sion type. We have readily according toEqs. (7.8) and
(7.16.FV)(
∂ log �v
∂P

)
T

= �|∗VP
RT

. (7.29)

Similar expression for kx is obtained from
Eqs. (7.12) and (7.17.FV)as(
∂ logkx

∂P

)
T

= −�|∗VP
RT

+ βν∗. (7.30)

DifferentiatingEq. (7.27.P)with respect toP with
regard toEq. (7.18), or Eq. (7.30)with respect toT ,
we have

∂2 logkx

∂T ∂P
= �|∗VP

RT2
− 1

RT

(
∂�|∗VP
∂T

)
P

+ν∗
(
∂β

∂T

)
P

or(
∂EP

∂P

)
T

=�|∗VP
{

1 − T

(
∂ log�|∗VP

∂T

)
P

}

− ν∗RT2
(
∂α

∂P

)
T

, (7.31)

where

EP = RT2
(
∂ logkx

∂T

)
P

and(
∂α

∂P

)
T

= ∂2 logV

∂P∂T
= −

(
∂β

∂T

)
P

.

Evans and Polanyi[29] and Guggenheim[30]
derived, respectively, the similar expression for
(∂EP /∂P )T , the former authors, however, leaving out
the termν∗RT2(∂α/∂P )T , whereas the latter includ-
ing a term valid in the special case of the bimolecular
association whenν∗ = −1.

7.6. Comment on the controversies on the
thermodynamical treatment of the rate

As detailed in the foregoing section due distinction
must be made, for exact thermodynamical treatment
of the rate, between the partial molar quantities and
the total quantities on the one hand, and, between the
critical increments at constant pressure and those at
constant volume on the other hand except in the case
of the gas. Such a distinction is of course not merely
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the matter of the thermodynamical treatment of the
rate, but might be directed back to the pure thermo-
dynamical treatment of the equilibrium.

Less precaution seems to have hitherto been paid
on this respect, as might naturally be expected from
the history of the theory of the rate developed in anal-
ogy to the thermodynamical theory of equilibrium in a
gas. The situation seems, however, to have resulted in
unfortunate confusions and controversies, which are
going to be analysed and commented upon hereafter
in the light of the present thermodynamical theory of
the rate.

Moelwyn-Hughes[31] puts forward the following
expression for the dependence of the Arrhenius acti-
vation energyEA on hydrostatical pressureP ,

EA =�|∗E + P�|∗V
×
{

1 − T

(
∂ log�|∗V

∂T

)
P

− T

(
∂ logP

∂T

)
V

}
,

(7.32)

where�|∗E or �|∗V is, as he states, the increase in
internal energy or volume associated with the change
from ordinary to activated molecules.

Evans and Polanyi[29] advance another expression,

EA = E0 + P�|∗V
{

1−T
(
∂ log�|∗V

∂T

)
P

}
(7.33)

for the relation, whereE0 is EA at P = 0. The latter
expression may be derived along the line of procedure
of Evans and Polanyi by neglectingRT2ν∗(∂α/∂P )T
identifyingEA toEP in Eq. (7.31)and integrating the
latter with respectP , regarding

�|∗V
{

1 − T

(
∂ log�|∗V

∂T

)
P

}

constant. Evans and Polanyi[32] claim Moelwyn-
Hughes’sEq. (7.32)contradicts thermodynamics, be-
cause the latter is inconsistent, as they prove, with their
Eq. (7.33).

Moelwyn-Hughes starts from the assumption

kx0 = const.× e−�|∗ϕ/RT (7.34)

and

�|∗ϕ = �|∗E + P�|∗V − T�|∗S, (7.35)

where�|∗ϕ is, as he states, the critical increment of
the (Helmholtz’s) free energy. By differentiation of
Eq. (7.34)he arrives atEq. (7.32).

In order to follow his line of reasoning exactly
the critical increments involved in the assumption,
�|∗ϕ,�|∗E,�|∗S and�|∗V have to be distinguished
with respect to their associated conditions. For being
the increment of the Helmholtz’s free energy,�|∗ϕ
must be any one of�|∗FV,1,�|∗FP,1, �|∗FV , and
�|∗FP . It must be however either�|∗FV,1 or�|∗FP,1
rather than�|∗FV or �|∗FP since otherwise,kx0 de-
pends necessarily on the concentrations of the ini-
tial complex. The�|∗FV,1 is expressed according to
Eqs. (7.15) and (7.17.X)as

�|∗FV,1 = �|∗UP,1 + P�|∗VP − T�|∗SP,1,
(7.36.V)

whereas�|∗FP,1 according toEq. (7.17.F)as

�|∗FP,1 = �|∗UP,1 − T�|∗SP,1. (7.36.P)

We see that for�|∗VP to persist in the expression of
�|∗ϕ, the latter must be expressed byEq. (7.36.V)
which fixes the exact meaning oi notations in
Eq. (7.35). Moelwyn-Hughes’Eq. (7.32)appears now
in the form,

EA =�|∗UP,1 + P�|∗VP
×
{

1−T
(
∂ log�|∗VP

∂T

)
P

−T
(
∂ logP

∂P

)
V

}
.

(7.37)

By Eqs. (7.15), (7.17), (7.34) and (7.36)we have
however, either

RT2
(
∂ logkx0
∂T

)
P

= �|∗XP − ν∗RT2α (7.38.P)

or

RT2
(
∂ logkx0
∂T

)
V

= �|∗UV . (7.38.V)

Equating the former to the Arrhenius activation en-
ergy EA, which is according to Evans and Polanyi
[32] always to be referred to constant pressure, and
transforming�|∗XP by Eq. (7.17.X), we have

EA = EP = �|∗UP,1 + P�|∗VP − ν∗RT2α. (7.39)
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We see that differential coefficientsT (∂ log�|∗VP /
∂T )P as well asT (∂ logP/∂T )V in Eq. (7.37)are
here missing, the termν∗RT2α appearing instead.

Evans and Polanyi, criticizing Moelwyn-Hughes’
procedure of deriving hisEq. (7.32), state that the
appearance of the third termT (∂ logP/∂T )V in
the parenthesis is due to a mistake of differentia-
tion and by performing the differentiation correctly
an expression without the termT (∂ logP/∂T )V in
coincidence with theirEq. (7.33) is obtained. But
we see above that by carrying out the differentiation
more correctly even the termT (∂ log�|∗VP /∂T )P
disappears, which affords a strong feature of re-
semblance ofEq. (7.32) with Eq. (7.33). The er-
ronous termT (∂ log�|∗VP /∂T )P creeps into the
final expression, if the differentiation of−(�|∗UP,1−
T�|∗SP,1)/RT with respect to T is incorrectly
taken to be�|∗UP,1/RT2 by analogy to the dif-
ferentiation of−(U − TS)/RT at constant volume,
which gives exactlyU/RT2 according toEqs. (3.21)
and (3.23)or by analogy to the differentiation of
−(�|∗UV,1 − T�|∗SV,1)/RT at constant volume
resulting exactly in −�|∗UV,1/RT according to
Eqs. (7.15) and (7.17FS).

It may be seen that the neglection of the distinction
of the partial molar quantity from the total quantity and
of the associated condition of the critical increment is
quite misleading.

Guggenheim[30] developed the thermodynamical
theory of the rate correctly, arriving at the identi-
cal forms of Eqs. (7.38.P) and (7.39)although the
distinction between the constant pressure and the
constant volume is not explicitly noted or rather
all partial molar quantities are referred to constant
pressure.

He starts thereby from the definition of the ideal di-
lute solution with the independent variables of temper-
ature, pressure and mol fraction, giving quite different
formulations for the thermodynamics in gas from
that in liquid, whereas here the ideal solution is de-
fined with the homogeneous fluid in accordance with
Guggenheim’s particular form in liquid, the other in
gas being automatically derived as its special case. We
note that the termν∗RT2α, in Eqs. (7.17.ZS), (7.27.P)
and (7.28), taken into account with its particular value
by Guggenheim, takes care, as shown inSection 7.3
and 7.4, with proper precaution on the condition of
partial molar quantities, to include the thermodynam-

ics of the elementary reaction in gas as the special
case.

On commenting on the papers of Moelwyn-Hughes
and of Evans and Polanyi on the basis of his theory,
Guggenheim[30] objects Evans and Polanyi’s view
that kx0 should be differentiated at constant pressure
on the ground that measured values ofEA at ordi-
nary pressures as well as at hydrostatical pressure
are all referred to constant pressure[32], stating that
“the correct reason of keeping the pressure constant,
is that temperature, pressure and mol fractions are
the independent variables in the simple formula by
which ideal systems have been defined and therefore
also in all formula derived therefrom”[30]. We see
no reason why we should to be faithful to this set of
variables throughout: with proper transformations and
with proper specifications of associated conditions, as
shown in foregoing sections, we arrive at even simpler
form of the temperature variation ofkx0 at constant
volume. We quite agree with Evans and Polanyi’s
view of referring measuredEA to constant pressure
and of raising the importance of that at constant vol-
ume derivable therefrom for the theory of reaction in
solution.

8. Application V. Heterogeneous reactions

8.1. Dependence of the rate on concentrations

We see fromEq. (5.14)that the rate of the heteroge-
neous elementary reaction varies proportional topδ

I

or, as remarked inSection 6.1, to
∏i

(NδI
i )ν

I
i of the ini-

tial complex in the ideal homogeneous fluid provided
Θσ ∗(0) in Eq. (5.14)sufficiently approximates unity
and henceqδ

∗
σ ∗ remains constant owing to the absence

of interaction.
In the other extreme case whenΘσ ∗(δM ) � 1 or the

surface is practically covered by adsorbed molecules
δM’s, qδ

∗
σ ∗ may be taken constant,δ∗ being surrounded

by definite sort of molecules. The dependence of the
rate onNδI

i ’s as well as onNδM
m ’s of moleculesδM

m in
homogeneous fluid, whose set,

δM =
∑
m

νM
m δ

M
m (8.1)

is in equilibrium with adsorbedδM, is deduced as
follows.
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RewritingΘσ ∗(0) according toEq. (2.5)in the form,

Θσ ∗(0) = QCσ ∗(0)
QC0

= QCσ ∗(0)

QCδ
M

σ ∗(δM )

QCδ
M

σ ∗(δM )

QCδ
M

0

QCδ
M

0

QC0
,

and noting the relationsEqs. (2.2)–(2.4)

pδ
M = QC

δM

0

QC0
, qδ

M

σ ∗ =
QCδ

M

σ ∗(δM )

QCσ ∗(0)
and

Θσ ∗(δM ) =
QCδ

M

σ ∗(δM )

QCδ
M

0

,

we have

Θσ ∗(0) = pδ
M

qδ
M

σ ∗
Θσ ∗(δM ) (8.2)

or substitutingΘσ ∗(0) from Eq. (8.2)in Eq. (5.14)

�v1 = κ
kT

h
G1

qδ
∗
σ ∗

qδ
M

σ ∗

pδ
M

pδ
I Θσ ∗(δM ). (8.3)

We see now that ifΘσ ∗(δM ) = 1, �v varies propor-

tional topδ
M
/pδ

I
, i.e.

�v1 = κ
kT

h
G1

qδ
∗
σ ∗

qδ
M

σ ∗

pδ
M

pδ
I . (8.4)

It follows that (I) the rate is proportional to(NδI
i )ν

I
i

in the ideal homogeneous fluid according toEqs. (3.5)
and (5.7), and inversely proportional to(NδM

m )ν
M
m

there.
If in latter case (II) it happens thatδI

i ’s andδM
m ’s are

individually identical to each other or that the initial
complexδI itself exclusively occupiesσ ∗, the rate is
independent of the concentrationNδI

i ’s or of NδM
m ’s.

If on the other hand (III)δI
i ’s are partially identical to

δM
m ’s the conclusions (I) holds true with the remaining

part of δI
i ’s andδM

m ’s.

The above reasoning about the effect ofpδ
M

or∏m
(NδM

m )ν
M
m on the rate affords the theory of the

catalytic poison. Rather curious conclusion that the
rate is inversely proportional to

∏m
(NδM

m )ν
M
m of δM,

even when the latter nearly covers the catalyst, is cor-
rectly arrived at by Laidler et al.[33], who extended
their theory treating the heterogeneous elementary
reaction like a homogeneous one between sites and
molecules.

8.2. The temperature variation of the rate

The temperature variation of�v1 of the heteroge-
neous elementary reaction of the effusion type25 is
expressed according toEq. (5.14a), as

RT2∂ log �v1

∂T
= RT+�|∗Ēσ ∗ +�|θσ ∗(0)Ē, (8.5)

where

�|∗Ēσ ∗ = �|qσ ∗(δ∗)Ē −�|p
δI Ē, (8.6)

�|θσ ∗(0)Ē = RT2∂ logΘσ ∗(0)
∂T

, (8.7.�)

�|qσ ∗(δ∗)Ē = RT2∂ logqδ
∗
σ ∗

∂T
(8.7.q)

and

�|p
δI Ē = RT2∂ logpδ

I

∂T
. (8.7.p)

�|θσ ∗(0)Ē, �|qσ ∗(δ∗)Ē and �|p
δI Ē are according to

Eq. (3.13)increments due to the process, respectively,
associated withΘσ ∗(0), qδ

∗
σ ∗ andpδ

I
, of the average

energyĒ or of the internal energy of the whole as-
sembly, whose external parameters are fixed.�|∗Ēσ ∗
is hence according toEq. (8.6)the increment caused
by bringingδI from somewhere in the assembly into
preliminarily evacuatedσ ∗ to form δ∗ there, the�|’s
are thus increments of internal energy or of enthalpy
according as the assembly of interest isAV or AP ,
respectively.26

The alternative expression of the temperature vari-
ation is obtained by differentiatingEq. (8.3)as

RT2∂ log �v1

∂T
= RT+�|∗Ēσ ∗ +�|MĒσ ∗

+�|θ
σ ∗(δM )

Ē, (8.8)

where

�|MĒσ ∗ = �|p
δM Ē −�|q

σ ∗(δM )
Ē, (8.9)

�|θ
σ ∗(δM )

Ē = RT2∂ logΘσ ∗(δM )

∂T
, (8.10.�)

�|p
δM Ē = RT2∂ logpδ

M

∂T
(8.10.p)

25 cf. Section 7.2.
26 cf. Section 3.9.
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and

�|q
σ ∗(δM )

Ē = RT2∂ logqδ
M

σ ∗

∂T
. (8.10.q)

The latter three quantities are, according toEq. (3.13)
increments due to the operation associated, respec-
tively, with Θσ ∗(δM ), p

δM
andqδ

M

σ ∗ of the average en-
ergy Ē or the internal energy of the whole assembly
whose external parameters are fixed.�|MĒσ ∗ is simi-
larly as in the previous case such increment caused by
bringingδM from somewhere in the assembly intoσ ∗.
These increments are those of the internal energy or
of the enthalpy of the interested assembly according
as the latter isAV or AP .27

If practically all ofδM’s are situated in the homoge-
neous part of the assembly,�|MĒσ ∗ is identified with
the heat of adsorption at constant volume or pressure,
respectively, according as the assembly of interest is
eitherAV or AP .

In the extreme case whenΘσ ∗(0) = 1 orΘσ ∗(δM ) =
1, �|θσ ∗(0)Ē or �|θ

σ ∗(δM )
Ē, respectively, vanishes

according toEq. (8.7.�) or Eq. (8.10.�) and hence
Eq. (8.5) or Eq. (8.8) for RT2∂ log �v1/∂T assumes,
respectively, the form,

RT2∂ log �v1

∂T
= RT+�|∗Ēσ ∗ (8.11.I)

or

RT2∂ log �v1

∂T
= RT+�|∗Ēσ ∗ +�|MĒσ ∗ . (8.11.II)

As to the relative magnitude ofRT2∂ log �v1/∂T at the
both extremities and to the temperature region of their
appearance, the following may be inferred assuming
the relation ofEq. (4.12)28

θ = Θσ ∗(δM ) = 1 −Θσ ∗(0). (8.12)

Equating alternative forms ofRT2∂ log �v/∂T ,
Eqs. (8.5) and (8.8), with due regard toEqs. (8.7.�),
(8.9) and (8.10.�), we have

RT2∂ logΘσ ∗(0)
∂T

− RT2∂ logΘσ ∗(δM )

∂T
= �|MĒσ ∗

(8.13)

27 cf. Section 3.9.
28 This holds true when the statesσ ∗(0) andσ ∗(δM) are practi-

cally only possible alternative states ofσ ∗, Θσ∗ (δ∗) being thereby
negligible (cf.Section 4.3).

or by Eq. (8.12)

RT2∂ log(1 − θ)

∂T
− RT2∂ logθ

∂T
= �|MĒσ ∗ . (8.14)

Eq. (8.14) shows, since −RT2(∂ logθ/∂T ) and
RT2(∂ log(1 − θ)/∂T ) are necessarily of equal sign,
that θ increases or decreases with increasing temper-
ature according as�|MĒσ ∗ is negative or positive,
respectively. Provided that the latter is at least ap-
proximately constant, the extreme casesθ = 0 and
θ = 1 should hence, respectively, appear at lower and
higher extremities of temperature or reverse accord-
ing as�|MĒσ ∗ is negative or positive, as shown by
the scheme,

On the other hand,Eq. (8.11)show thatRT2(∂ log �v1/

∂T ) = EH is greater atθ = 0 than atθ = 1 or
reversed according as�|MĒσ ∗ is negative or positive
as shown by the scheme,

We see readily, overlapping above two schemes, that
EH is always greater at the lower extremity of tem-
perature than at the higher.

log �v1, may hence vary linearly with 1/RT, re-
spectively, at the extremities, the inclination grad-
ually decreasing over the transient region by the
amount|�|MĒσ ∗ | with increasing temperature. In the
case when�|∗Ēσ ∗ and�|MĒσ ∗ differ in sign and
|�|∗Ēσ ∗ | < |�|MĒσ ∗ |, the rate will have a maximum
or an optimum temperature in the transient region. If
we exclude the possibility thatΘσ ∗(δM ) = 1 at higher
extremity of temperature,29 only possible case is that

29 Provided thatδM forms a single molecule in the homogeneous
fluid, we have according toEqs. (4.15) and (8.14)

�|MĒσ∗ = NAεσ .

Eq. (4.15)shows on the other hand thatθ increases with increasing
temperature, when�|MĒσ∗ or εσ is negative, butθ may approx-
imate unity only when|σ |NδM � 1 or δM in the homogeneous
fluid is far more concentrated than at saturation on the boundary,
a situation which can hardly be realized.
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�|MĒσ ∗ > 0 andΘσ ∗(δM ) = 0 or 1, respectively, at
higher or lower extremity of temperature.

The two extreme cases corresponding toEq. (8.11)
are recongnized by Hinshelwood[34] who treats the
heterogeneous elementary reaction in extension of
the theory of homogeneous one, in terms of “the rate
constantk′” and of “the apparent heat of activation
RT2(∂ logk′/∂T ) of the heterogeneous reaction.”
Hinshelwood arrives by several assumptions and ap-
proximations at the relation for the caseθ = 0 that
the “apparent heat of activation,RT2(∂ logk′/∂T )”
equals “the true heat of activation” minus “the en-
ergy of desorption.” The “true heat of activation” is
according to him the heat required to bring up an
adsorbed reaction complex to the critical complex
and the “energy of desorption” the heat required to
set the adsorbed reaction complex free. His apparent
heat of activation equals, howeverRT2(∂ log �v1/∂T ),
provided that the “rate constant” is determined at
constantNδI

i ’s throughout a range of temperature as
is usually done, since he defines the “rate constant” as
the ratio of the rate to

∏i
(NδI

i )ν
I
i in a homogeneous

fluid. Hence,RT2(∂ logk′/∂T ) or RT2(∂ log �v1/∂T )

at θ = 0 which equals except the minor termRT30

the increment ofĒ or of U caused by bringing the
initial complex to the critical state inσ ∗ according to
Eq. (8.11.I)31, may simply be divided, if one prefers
as did by Hinshelwood, in two parts, i.e. that due to
the process of bringing the initial complex simply
into σ ∗ or negative “energy of desorption” and that
of raising the initial complex there to the critical
complex provided that initial complexes are situated
practically exclusively in the homogeneous fluid.

For the case whenΘσ ∗(δM ) = 1 Hinshel-
wood similarly arrives at an expression equating
RT2(∂ logk′/∂T ) to the sum of the “apparent heat
of activation” and the “energy of desorption” of “re-
tarding gas.” This conforms again withEq. (8.11.II)

30 Since the statistical average of kinetic energy of the mode
of motion normal to the critical surface amounts just toRT if
reckoned per mol of the critical complex[35], the right-hand
side of Eq. (8.11.I)gives the increment ofĒ reckoned per mol
of reacting complex caused by bringing the initial over into the
critical complex transiting the critical surface.
31 If θ �= 0 orσ ∗ is not preliminarily evacuated with certainty, the

latter process must be associated with the more or less additional
increment for clearing upσ ∗ which amounts as much as to�|MĒσ∗
in the extreme case ofEq. (8.11.II)when θ = 1.

since the “energy of desorption” of the “retarding
gas” exactly corresponds to�|MĒσ ∗ of δM.

We see, however, no advantage to force the rate
constant method of the homogeneous elementary re-
action into the heterogeneous reaction, where the “rate
constant” is in general by no means a constant, and
to detail the picture so that the initial complex pre-
liminarily assumes the state what is called adsorbed
at σ ∗ before making the critical complex there. We
should rather, specialize the use of the rate constant
and its temperature variation duly to the homoge-
neous elementary reaction and deal directly with�v1
and RT2(∂ log �v1/∂T ) without introducing the inter-
mediate state, which may even be fictitious.

8.3. The rate expression allowed for the mutual
interaction among adsorbed molecules

We will now formulate the rate of the heterogeneous
elementary reaction allowing for the mutual interac-
tion among adsorbed molecules with an example of
the catalytic atomization of hydrogen on the surface
of a metallic catalyst.

Our assembly will consist of a metallic catalyst in
the hydrogen atmosphere, where the catalysed disso-
ciation of hydrogen molecules is going on, each of
them changing into a pair of adsorbed hydrogen atoms.
Metal atoms of our catalyst are allayed as inSection
4.6 on a plane square pattern, each affording one of
identical sitesσ ’s for an adsorbed hydrogen atom
whereas each adjacent pair provingσ ∗ for the critical
complex H∗

2, which consists of two hydrogen atoms.

Expressingpδ
I

of the initial complexδI according
to Eq. (3.5)in the form,

pδ
I = QH2

NH2
(8.15)

andpδ
F

of δF, which consist of two hydrogen atoms,
according toEq. (2.11)in the form,

pδ
F = (pH)2, (8.16)

we have according toEq. (5.14)

�v1 = κ
kT

h
G1q

H∗
2

σ ∗ Θσ ∗(0)
NH2

QH2
, (8.17a)

�v1 = κ
kT

h
G1q

H∗
2

σ ∗ Θσ ∗(0)(p
H)−2. (8.17b)
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These expressions for the rate will be developed into
the form accessible to the numerical calculation tak-
ing the mutual interaction among adsorbed molecules
into account, but neglecting that between latters and
molecules in the homogeneous fluid and assuming that
any siteσ is either occupied by H or else vacant, i.e.

θ = Θσ(H) = 1 −Θσ(0). (8.18)

For the first approximation it is assumed that the
additional reversible work32 required to bring up a
hydrogen atom or the critical complex to a site due to
surrounding adsorbed hydrogen atoms is proportional
to their degree of adsorptionθ , i.e.

−RTlogqH
σ = −RTlogqH

σ,0 + θω (8.19.H)

and

−RTlogq
H∗

2
σ ∗ = −RTlogq

H∗
2

σ ∗,0 + θω∗, (8.19.H2)

where−RTlogqH
σ,0 or −RTlogq

H∗
2

σ ∗,0 is the reversible
work reckoned per mol required, in the absence of in-
teraction, to bring up a hydrogen atom or a reaction
complex from its standard state intoσ forming an ad-
sorbed hydrogen atom or a critical complex, respec-
tively, there,θω or θω∗ being the additional reversible
work due to the interaction taken proportional toθ .

Assuming further

Θσ ∗(0) = (1 − θ)2, (8.20)

we have fromEqs. (8.17a), (8.19.H2) and (8.20)

�v1 = κ
kT

h
G1

q
H∗

2
σ ∗,0
QH2

e−θω∗/RTNH2(1 − θ)2. (8.21)

Eq. (8.21)gives the rate as a function ofθ andNH2.
ExpressingpH, on the other hand, in the form,

pH = 1 − θ

θ
qH
σ (8.22)

according to Eqs. (3.1) and (8.18), we have by
Eqs. (8.17b), (8.19.H2), (8.20) and (8.22)for the rate
�v of the reverse elementary reaction

�v1 = κ
kT

h
G1

q
H∗

2
σ ∗,0

(qH
σ,0)

2
e−(ω∗−2ω)θ/RTθ2. (8.23)

The reverse rate is thus a function solely ofθ .

32 cf. Section 3.3.

Fig. 1.

The above procedure of allowing for the mutual in-
teraction is applied to the theory of hydrogen electrode
process on nickel, with the rate-determinig step of the
catalysed atomization of hydrogen by Okamoto, Ho-
riuti and Hirota [1], who arrive at semi-quantitative
explanation of the process especially of Tafel’s empir-
ical rule [36,37].

We now calculate the rate excluding the latter ap-
proximations but assuming instead that the interaction
between hydrogen atoms including those of critical
complex is significant only between directly neigh-
bouring ones.

We consider our assemblyC2(0) at a particular
state, that a group2 of sites consisting of particular
σ ∗ and its direct neighbours shown enclosed by full
lines in Fig. 1, are unoccupied. The sites belonging
to 2 are numbered as shown by annexed figures in
Fig. 1.

We now proceed to calculate, with reference to
QC2(0), qδ

∗
σ ∗Θσ ∗(0) in Eqs. (8.17a) and (8.17b)which

is expressed according toEqs. (2.3) and (2.5)as

q
H∗

2
σ ∗ Θσ ∗(0) =

QC
H∗

2
σ ∗(H∗

2)

QC0
. (8.24)

QC
H∗

2
σ ∗(H∗

2)
is given similarly as in Section 4.6,

by

QC
H∗

2
σ ∗(H∗

2)
=QCH∗

2(0)q
H∗

2
σ ∗,0

∑
θ3,...,θ8

(
qH
σ,0

pH ξ∗
)θ3+···+θ8

× η
θ3+θ6
3 η

θ4+θ5+θ7+θ8
4 ξθ4θ5+θ7θ8, (8.25)
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whereη’s of the sitesσ3 andσ6 on the one hand, and
of σ4, σ5, σ7, andσ8 and on the other hand are taken,
respectively, identical with each other, because of the
symmetry of the figure.
QC0 is given by

QC0 =QC2(0)
∑

θ1,...,θ8

(
qH
σ,0

pH

)θ1+···+θ8

× η
θ3+θ6
3 η

θ4+θ5+θ7+θ8
4

× ξθ4θ5+θ7θ8+θ1(θ3+θ4+θ2+θ8)+θ2(θ5+θ6+θ7).

(8.26)

By Eqs. (8.24)–(8.26)we have now

q
H∗

2
σ ∗ Θσ ∗(0) = q

H∗
2

σ ∗,0
∑

θ3,...,θ8
(qH
σ,0ξ

∗/pH)θ3+···+θ8η
θ3+θ6
3 η

θ4+θ5+θ7+θ8
4 ξθ4θ5+θ7θ8∑

θ1,...,θ8
(qH
σ,0/p

H)θ1+···+θ8η
θ3+θ6
3 η

θ4+θ5+θ7+θ8
4 ξθ4θ5+θ7θ8+θ1(θ3+θ4+θ2+θ8)+θ2(θ5+θ6+θ7)

, (8.27)

For unknown constantsη3 andη4 we have on the
other hand the relation,

QCσ1(0) = QCσ3(0) = QCσ4(0) (8.28)

as inSection 4.6, because of physical identity ofσ1,
σ3 andσ4.
QCσ1(0),QCσ3(0), or QCσ4(0) is, respectively,

obtained by puttingθ1, θ3, or θ4 in Eq. (8.26) at
zero.
QCσ1(0) in Eq. (8.28)andQC0 in Eq. (8.26)are on

the other hand related toθ according toEqs. (2.5) and
(8.18)by

1 − θ = QCσ1

QC0
. (8.29)

Substituting nowq
H∗

2
σ ∗ Θσ ∗(0) from Eq. (8.27)into

Eq. (8.17a)or Eq. (8.17b)and eliminatingpH, η3 and
η4 therefrom byEqs. (8.28) and (8.29), we have the
expression for�v1 as the function ofNH2 andθ or that
for �v1 as the function ofθ , respectively.

Remembering now two of sites are occupied anew
as the result of one act of the catalysed dissociation,
the overall increasing rate of adsorbed hydrogen atoms
is given by

G1
dθ

dt
= 2(�v1 − �v1), (8.30)

or by integration,

G1

2

∫ θ2

θ1

dθ

�v1 − �v1
= t2 − t1, (8.31)

whereθ1, andθ2 are, respectively, the degree of ad-
sorption at the timet1 andt2. Substituting�v1, and �v1

of either approximation and estimatingκ, G, q
H∗

2
σ ∗,0,

qH
σ,0, ω∗, ω, ξ∗ and ξ properly, we have the rela-

tion betweenθ and t accessible to the experimental
verification.

Actual calculation and its experimental verification
will be presented in a later paper.
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